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A series of two-particle examples of the Ruijsenaars pq-duality is considered in detail, the dual Hamiltonians
are constructed. Of special interest is the case of the sinh-Gordon model.
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1. INTRODUCTION
The notion of pq-duality was introduced by S. Rui-

jsenaars [1] in description of many-body systems of
the Calogero–Ruijsenaars family. It was later
exploited in Seiberg–Witten theory for constructing
the double-elliptic systems describing the low energy
limit of the  SUSY gauge theory with adjoint matter
hypermultiplet [2, 3]. In fact, the double-elliptic sys-
tems were constructed only in the simplest case of the
system with one degree of freedom, and the question
of constructing the N-body system remains open so
far.

Later, in [4], it was formulated a more general
framework to deal with the pq-duality, which allows
one to treat it with any integrable N-body system.
However, only a restricted set of examples of dual sys-
tems has been known so far. In this short note, we are
going to extend this set. In particular, starting as a
warm-up from the well-known example of the trigo-
nometric Ruijsenaars system, where the duality was
originally established by S. Ruijsenaars [1] (though in
an absolutely different way), we further study the case
of the two-particle Toda system, non-periodic (Liou-
ville theory) and periodic (sinh-Gordon theory). The
latter case of much importance, since we do not know
the Hamiltonians dual to the elliptic Calogero or Rui-
jsenaars models so far, and, as we demonstrate here,
the periodic Toda enjoys a hidden ellipticity, which
does not come as a surprise since it is obtained from
the elliptic Calogero system by the Inozemtsev limit
[5]. This hidden ellipticity shows up in the elliptic dual
Hamiltonian, with the elliptic modulus depending on
the coordinate. On the other hand, the periodic Toda
is a simpler system than the elliptic Calogero model,
hence, it will be probably easier to obtain the dual

Hamiltonians also in the case with the number of par-
ticles .

Let us stress that constructing an N-particle dou-
ble-elliptic systems is an absolutely non-trivial prob-
lem. One can definitely construct a system with both
momenta and coordinates taking their values in tori,
however, the double-elliptic system is by definition
self-dual [2], and the self-duality is really a non-trivial
point. As a simple example, we can indicate the two-
body system suggested by H. Braden and T. Hol-
lowood [6], which has been later extended to N-body
system by P. Koroteev and Sh. Shakirov [7]. This sys-
tem is elliptic both in coordinates and momenta, but is
not self-dual. Moreover, as it has been shown in [8],
this system (at the quantum level) does not provide the
proper duality transformation even in the case when
one of this ellipticities is degenerate: one has to make
an additional transformation in order to arrive at
proper dual Hamiltonians. This should not come as a
surprise: the Hamiltonian of even two-particle self-
dual system [2] is much more complicated that the one
in [6, 7].

We consider here only the classical duality, though
the quantum pq-duality is even more natural, and one
would better start with the quantum case coming to
the classical pq-duality in the quasiclassical limit. Still,
the classical case by itself is of the same importance.

2. DUALITY TRANSFORMATION
IN THE SYSTEMS WITH ONE DEGREE 

OF FREEDOM
Let us explain what is the pq-duality. Duality is

defined to be a map from a set of Hamiltonians
 where  is a coupling constant to a set of
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dual Hamiltonians  given by the following
anti-canonical change of variables :

(1)

and we consider an integrable system with a property
. This definition means that the

Hamiltonians  describe a free system. There is
a freedom in this definition; e.g., one can add to 
arbitrary functions of .

Then, a set of dual Hamiltonians is defined to be

(2)

It is not much of importance how to choose 
since a function of Hamiltonians is still a Hamilto-
nian, however, one has to choose it in such a way that

 is a well-defined (single-valued) function on the
symplectic manifold.

If the dual Hamiltonians can be chosen coinciding
with the original ones, the system is called self-dual.
The requirement of anti-canonical transformation

 is because, at , the free system
Hamiltonian  is equal to , i.e., .
One could certainly define the new coordinates in the
canonical way, interchanging  and , but then the
Ruijsenaars model would became non-self-dual.

As a simple example, consider the Hamiltonian
(this is called rational Calogero system)

(3)

and

(4)

Now introduce new variables P, Q such that:

(5)

The transformation  is defined to be
anti-canonical. Thus, one has the two conditions for
the two new variables P and Q. In fact, the anti-canon-
ical transformation is ambiguously defined: one can
add to P any arbitrary function of Q.

In these new variables, one can introduce a new
free Hamiltonian  depending only on q and define

 called dual Hamiltonian:

(6)
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For instance, for the Hamiltonian (3) and Eq. (5), the
anti-canonical transformation with the simplest
choice of the variable P gives

(7)

Indeed, the Poisson bracket

(8)

how it should be for an anti-canonical transformation.
Now we choose  and observe that

(9)

Hence, we have a self-dual Hamiltonian: the system is
self-dual.

The simplest way to deal with the anti-canonical
transformation is to start with it in the form

(10)

Indeed, from (5),

(11)

and, from (6),

(12)

Multiplying the left hand side of (11) with the right
hand side of (12) and vice versa, and using that

 = 0, one obtains

(13)

This equation, along with (5) and (6), provides 3 equa-
tions for 3 unknown variables P, Q, and .
However, any solution to these equations admits add-
ing an arbitrary function of Q to P.

3. TRIGONOMETRIC RUIJSENAARS SYSTEM

As a more non-trivial example, consider the hyper-
bolic two-particle Ruijsenaars systems. From now on,
we work in the center of mass with the interaction
Hamiltonians depending only on differences of coor-
dinates. Hence, in the two-particle case, we choose
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 and . The Ruijsenaars Ham-
iltonian in this case is

(14)

In this case,  = , then
 = . From (5) one obtains

Write Eq. (13) taking into account 
:

(15)

Note that

Then, Eq. (15) is

with a properly chosen branch of the square root.
This equation, after transformations, can be writ-

ten as an integral

After performing the integration, one finds

(16)
and one can freely add an arbitrary function of Q to P.
One can obtain from (16)

and, rewriting  as

and shifting , one finally

obtains

(17)

Thus, from formulas (14) and (17), we reproduce the
celebrated result due to S. Ruijsenaars [1] that the
hyperbolic Ruijsenaars system is self-dual.
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4. NON-PERIODIC TODA SYSTEM
Now we consider a new example of the dual sys-

tems, the non-periodic Toda system, which is given, in
the two-particle case, by

(18)

When , the free system is 

, i.e., . Then, from (5),

(19)
In accordance with formula (6), the dual Hamiltonian

, and, from (13), one obtains

or,

again with a properly chosen branch of the root.
Integrating this equation with a properly chosen

arbitrary function of Q, one obtains

(20)

therefore, the dual Hamiltonian is

(21)

The variable P in terms of the  variables is

(22)

Using formulas (19), (22), one can check the Poisson
bracket:

5. PERIODIC TODA SYSTEM
At last, we consider the most interesting example:

that of the periodic Toda chain. In the two-particle
case, the Hamiltonian is

(23)
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therefore, , from here H0(Q) =

, and from (5),

(24)
Equation (13) is of the form

or,

Here , and one has to be careful about the
two branches of the roots. One obtains the integral

It can be rewritten in the form

After changing the variable , one obtain the
integral

which is an elliptic integral, and we have fixed a free
function of Q by choosing the lower limit of the inte-
gral. Now, it is easy to obtain the formula for the dual
Hamiltonian  in the form of the Jacobi function

, where k is the elliptic modulus [9]:

A surprising feature of this dual Hamiltonian is emer-
gence of the elliptic function though the original
Hamiltonian (23) has not contain any ellipticity.
Moreover, the elliptic modulus in  is dynamical,
i.e., depends on the coordinate. The reason is that the
periodic Toda chain is obtained by the Inozemtsev
limit from the elliptic Calogero model [5], and the
Hamiltonian dual to the elliptic Calogero one also
depends on the dynamical elliptic modulus [2].

Let us stress once more that this example is of great
importance, since it catches the main features of the
elliptic Calogero model (the dual Hamiltonian is the
Jacobi function with a dynamical elliptic modulus
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[2]), but is much simpler: the original Hamiltonian is
not elliptic. This opens a possibility of constructing
dual Hamiltonians possessing main features of the
elliptic Calogero case at the number of particles

.
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