ISSN 1995-0802, Lobachevskii Journal of Mathematics, 2021, Vol. 42, No. 10, pp. 2273-2279. (© Pleiades Publishing, Ltd., 2021.

Characterization of Tracial Functionals
on Von Neumann Algebras

Hasan Alhasan'” and Khattab Fawwaz'™"

(Submitted by G. G. Amosov)

IN. I. Lobachevskii Institute of Mathematics and Mechanics, Kazan (Volga Region) Federal University,
Kazan, Tatarstan, 420008 Russia
Received April 8, 2021; revised April 22, 2021; accepted May 2, 2021

Abstract—It is proved that the inequality
0(A) < p(|A+iB|) Tforall A€ AT and B A®

characterizes tracial functionals among all positive normal functionals ¢ on a von Neumann algebra
A. This strengthens the L. T. Gardner’s characterization (1979). As a consequence, a criterion for
commutativity of von Neumann algebras is obtained. Also we give a characterization of traces in a
wide class of weights on a von Neumann algebra via this inequality. Every faithful normal semifinite
trace ¢ on a von Neumann algebra A satisfies this relation. Let ||| - ||| be a unitarily invariant norm
on a unital C*-algebra A. Then |||A||| < |||A +iB]|| forall A € AT and B € A%.
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1. INTRODUCTION

Dimension functions and traces on C*-algebras are fundamental tools in the operator theory and
its applications. Hence the problem of characterization of traces in a wide classes of weights on C*-
algebras is important and attracts the attention of a large group of mathematicians, see[1—11].

If o is a tracial positive normal linear functional on a von Neumann algebra A, and p, g are positive
numbers such that 1/p + 1/q = 1, then the following hold:

e Holder’s inequality [12, Chapter [X, Theorem 2.13],[11, Theorem 5]:
o(|XY]) < p(XP)/Po(Y )9 forall X,V € AT;
e Cauchy—Schwarz—Buniakowski inequality [13, Theorem 4.21]:
o(| XY [V2) < o(X)V2p(Y)Y/? forall X,Y € AT;
e Golden—Thompson inequality [14, Theorem 4]:
o(eXTY) < p(eX2e¥eX/?) forall X,V € A%
e Peierls—Bogoliubov inequality [ 14, Theorem 7]:

X/2v/ ,X/2
Xmmfﬁ—ﬁll<¢wﬂﬁ forall X,Y € A*.
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H. Araki in [15] has proved the following inequality:
tr((X Y2y XV2)P) < tr((XTPYTXT/2)P), r>1, p>0.
Here X, Y are positive operators on a Hilbert space . This inequality generalizes the Lieb and Thirring

inequalities, and is close in spirit to the Golden—Thompson inequality (see[16, § 8]).

In general any natural trace inequality is sharp in the sense that the trace is the only (positive
linear) functional that satisfies the inequality. It is well-known that either of inequalities: Holder,
Cauchy—Schwarz—Buniakowski, Golden—Tompson, Peierls—Bogoliubov, Araki—Lieb—Thirring etc.,
limited only to projections characterizes the tracial functionals among all positive normal functionals ¢
on a von Neumann algebra A, see [17—23].

In this paper, we characterize the trace via the well-known inequality
©(A) < o(|A+iB|) forall Ac AT and Bec A%, (1)

where i € C with i> = —1 (Theorem 1). It is shown that this strengthens the Gardner’s characteriza-
tion [8] (Corollary 2). As a consequence, a criterion for commutativity of von Neumann algebras is
obtained (Corollary 3). Also we give a characterization of traces in a wide class of weights on a von
Neumann algebra via inequality (1) (Corollary 4). Every faithful normal semifinite trace ¢ on a von
Neumann algebra A satisfies relation (1) (Theorem 2). Let ||| - ||| be a unitarily invariant norm on a
unital C*-algebra A. Then |||A]|| < |||A +iB]|| for all A € A" and B € A% (Theorem 3). Recall one
interesting fact in the finite-dimensional case:

If the matrix A € M,,(C) in the Cartesian decomposition T' = A 4 iB is positive then for determinants
we have |det T'| > det A, see[24, Corollary V1.7.5].

2. DEFINITIONS AND NOTATION

A C*-algebra is a complex Banach %-algebra A such that ||A*A|| = ||A||? for all A € A. Fora C*-
algebra A by AP", A% and AT we denote its subsets of projections (A = A* = A?), Hermitian elements
(A* = A) and positive elements, respectively. If A € A, then |A| = VA*A € AT. If I is the unit of the
algebra Aand P € AP then P+ =1 — P.

A mapping ¢ : AT — [0, 400] is called a weight on a C*-algebra A, if o(X +Y) = o(X) 4+ ¢(Y),
e(AX) = Ap(X) forall X, Y € A*, A > 0 (moreover, 0 - (+00) = 0). For a weight ¢ define

ML ={X € AT: p(X) < +o0}, M, = lingM.

The restriction 90|zm$ can always be extended by linearity to a functional on 9, which we denote by
the same letter ¢. Such an extension allows us to identify finite weights (i.e., ¢(X) < 400 for all
X € A™) with positive functionals on A. A positive linear functional ¢ on A with ||| = 1 is called
a state. A weight ¢ is called faithful,if p(X) =0 (X € A") = X = 0; a trace, it o(Z*Z) = p(ZZ*)
forall Z € A. A trace p on a C*-algebra A is called semifinite, if o(A) = sup{p(B): Be€ A", B<
A, ¢(B) < +oo}forevery A € AT.

Let H be a Hilbert space over the field C, B(H) be the x-algebra of all linear bounded operators on .

By Gelfand—Naimark theorem every C*-algebra is isometrically isomorphic to a concrete C*-algebra of
operators on a Hilbert space H [25, 11.6.4.10]. By the commutant of a set X C B(#) we mean the set

X' ={Y eB(H): XY =YX forall X € X}.

A x-subalgebra A of the algebra B(#) is said to be a von Neumann algebra acting on a Hilbert space H,
it A= A". For P,Q € AP" we write P ~ @ (the Murray—von Neumann equivalence), if P = U*U and
Q =UU*forsomeU € A.

A weight ¢ on von Neumann algebra A is called normal, it X; /X (X;, X € AT) = ¢o(X) =
sup p(X;); semifinite, if the set M, is ultraweakly dense in A (see [26, Definition VIL.1.1]).

Using Upmeier’s results [27], it is actually proved in [28, Theorem 1.4.2]Ayu86 that a weight on a von
Neumann algebra A is a trace if and only if p(SAS) = p(A) forany A € AT and a symmetry S € A%,
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3. TRACE CHARACTERIZATION ON VON NEUMANN ALGEBRAS

Let us recall Taylor’s formula with Peano’s remainder.
Lemma 1. /fb € R then

(1+x)b:1+bx+%b(b—1)x2—|—...+%b(b—1)---(b—n+1)x"—|—o(x") sz 0.

Theorem 1. For a positive normal linear functional ¢ on a von Neumann algebra A the
following conditions are equivalent:

(i) pis tracial;

(i) p(A) < p(|A +iB|) forall A € A* and B € A%, wherei € C with i = —1.

Proof. (i) = (ii). The finite traces on a C*-algebra A are precisely those (positive) linear functionals
¢ on A which satisfy |¢o(X)] < ¢(]X]) forall X € A, see[8]. Since p(A) € RT and p(B) € R, we have
p(A) < |p(A+iB)|.

Let us show that for an arbitrary von Neumann algebra, the proof of the inverse implication (i.e.,
(ii) = (i)) can be reduced to the case of the algebra My(C) just as this was done in a number of other
similar cases (see [8] or [29]).

[t is well known [8] that a positive normal linear functional ¢ on a von Neumann algebra A is tracial if
and only if o(P) = ¢(Q) forall P,Q € AP" with PQ = 0 and P ~ @ (also see [29, Lemma 2]). Assume
that a *-algebra AV in the reduced algebra (P + Q).A(P + Q) is generated by a partial isometry V € A
realizing the equivalence of P and Q. Then A is *-isomorphic to My (C), while inequality (ii) remains
valid for operators from NV and the restriction of the functional ¢| . We shall show that such a restriction
is a tracial functional on N; therefore, o(P) = ¢(Q).

As it is well known, every linear functional ¢ on My(C) can be represented in the form ¢(-) = tr(S,-).
The two-by-two matrix S, is called the density matrix of ¢. It is easily seen that without loss of generality
we can assume that

. 1 1
S¢:d13g<§—s,§+s>, 0<s<
Thus (X) equals (1/2 — s)x11 + (1/2 + s)azg Tor X = [2;5]7 ,_; in M(C).

Let 6 € Cwith |§| = 1and 0 < t < 1. By R% we denote the projection

__ 42
gt — [ 1 VTR ).
ot — t2 1—1¢

B 0 ie
—ie 0
for0 <e <1/2. Then p(A) =tr(S,A) = (1/2 —s)(1/24+¢)+ (1/2+5)(1/2 —¢) = 1/2 — 2se. Put

f(e) = \/1/4 — &2, then the matrix
A+ iBP = (§+E+€2+2€f(5) f(e) — 2¢2 )

Let us put A = R(1/2+1) and

f(e) —2e2 T —e+e?—2f(e)
has the characteristic equation A — (1 + 2e2)A + &* = 0. Therefore,
14262 + V1 + 4e? 14 2e? — 1+ 4e?
)\1 = 5 and )\2 = B .

By the Taylor’s formula with the reminder in the Peano form (see Lemma 1 with b = 1/2) we obtain

1 1
f(s)25\/1—45225—52—54—1—0(55), V1442 =1+2e% -2 +0(%) as e —=0+.
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Hence
M=1422—et+0(E%), M=ct+0(") as e—=0+.
Let us represent by the finite-dimensional Spectral Theorem
|A+iB)? = MR 4 \pREDL = N RBD 4 )y U1

and find the unknown parameter ¢ € [0, 1] from the equation

1
B +e+e?+2f(e) = Mt+ (1 —1), ie,

1
3 + 242 -2 —25 4 0(®) = (1422 —e* + o)t + (e +0(e®))(1—t) as e—0+.

Thus

. T+2e 462 —2e% — et — 2% 4 0(P) Lot

= as
14 2e2 — 2et 4 0(eP) ©

and by Lemma 1 with b = —1 we have

1

t= <§ + 2 +e2 -2 — et — 25 4 0(55)> (1 —2e2 + 6¢* + 0(eP))
1
= §+2E—6€3+14E5+0(€5) as ¢ —0+.

By the finite-dimensional Spectral Theorem we have |A + iB| = VA R®D + /A, RI—6=D where
VA =1+ 40, V=" +o(?) as e— 0+
by Lemma | with b = 1/2 and via the relation e¥o(¢™) = o(e¥*™) as ¢ — 0+ for all k,m € N. Hence

@(|A+iB]) = tr(S,|A 4+ iB|) = v/ Atr(S,REY) + /Aatr(S, RUH7D)

(e (o) (e (1))

1
:§+€2—486—|—12863+0(€3) as e —0+.

Now the inequality p(A) < ¢(|A + iB|) turns into

1 1
5—28€§5—!—62—4864—12863—1-0(63) as e—0+.

[t holds foralle, 0 < e < %, for s = 0 only. The assertion is proved. O

Corollary 1. For a positive normal linear functional ¢ on a von Neumann algebra A the
following conditions are equivalent:

(i) is tracial;

(i) (| X —ReX|) < o(|X =Y]|) forall X € AandY € A%, where ReX = (X + X*)/2.

Proof. (i) = (ii). By [30], for all A, B € A there exist partial isometries U,V € A such that

|A+ B| <U|AIU*+V|B|V*.

Hence ¢(|]A + B|) < ¢o(|A]) + ¢(|B|) for all A, B € A. If A= W|A| is the polar decomposition of the
operator A then W*W < I, |A*| = W]A|W* and ¢(|A*|) = o(W|A|W*) = o(|A|'2W*W|A|'/?) <
©(]A]) by monotonicity of ¢ on the cone A*. By changing the roles of A and A*, and taking into

account the equality (A*)* = A, we obtain ¢(|A]) < ¢(|A*|). Thus ¢(|A|) = ¢(]A*|) for every A € A.
Under this fact and the triangle inequality, we have

o ('X _ %(XJrX*)

1 N 1 *
) = 30X - XD = Jo(X - ¥ +¥ - X°)
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1 *
< 5 (@(X = Y) +o(|(X = Y))) = @(jX = Y)).

(ii) = (i). Letus put X = iAfor A € A". Then |X| = A, ReX = 0 and forall Y € A% we have
p(|X]) < @(lid =Y]) = (|4 +iY]),
since [iA—=Y|=|—i(iA-Y)| = |A+iY]|. Thus p(A) < p(|A+iY|)forall A € AT, Y € A% and we
apply Theorem 1. This completes the proof. O

Corollary 2 (cf. [8]). Let p be a positive normal linear functional on a von Neumann algebra A.
I |o(X)] < ¢(|X]) forall X € Awith ReX > 0then yis tracial.

Proof. 1f X € A and in the Cartesian decomposition X = A + iB the operator A is positive then
0(A) e RT, ¢(B) € Rand p(A) < |¢p(A+iB)|. Since by assumption |p(A +iB)| < ¢(|A 4+ iB|), we
have p(A) < p(|A +iBJ) forall A € A*, B € A% and apply Theorem 1. O

Note that Corollary 2 strengthens the Gardner’s characterization [8].

Corollary 3. For a von Neumann algebra A the following conditions are equivalent:

(i) the algebra Ais Abelian;

(ii) p(A) < p(|A +iB|) for all normal states p on Aand A € AT, B € A%,

(iii) (| X — ReX|) < o(|X = Y|) Jor all normal states pon Aand X € A, Y € A%,

Proof. (ii) = (i). By Theorem 1 every normal state on A is tracial, i.e., p(XY) = p(Y X) for all
X,Y € A. Since the set of all normal states separates the points of the algebra A [25, Chap. III,
Theorem 2.4.5], the last condition implies that XY =Y X (X,Y € A), and thus the von Neumann
algebra A is commutative.

For (iii) = (i) we apply Corollary 1 instead of Theorem 1. O

Corollary 4. Let ¢ be a normal semifinite weight on a von Neumann algebra A such that
0(A) < p(|JA+iBJ) for all Ae AT and B € A% (or o(|X — ReX|) < p(|X =Y]) forall X € A
andY € A%*). Then pis a trace.

Proof. 1t follows by Theorem 1 (respectively, by Corollary 1) that for every projection T' € AP" with
©(T') < oo the reduced weight 7 on the reduced algebra T'AT is a trace. Hence ¢ is a trace by [31,
Lemma 2]. 0

For other trace characterizations see [29, 31—37] and references therein.
Theorem 2. Let ¢ be a faithful normal semifinite trace on a von Neumann algebra A. Then
©(A) < o(JA+iB|) Jorall A€ AT and B € A%.

Proof. For every X € A, the generalised singular value function p(X), given by t — u(t, X) for
€ (0, +00), is defined by the formula (see, e.g.,[38, 39])

u(t, X) = inf{|| X Pl : P e A", o(P1)<t}.

By Proposition 3 of [40] we have u(t, A) < u(t,|A+iB|) for all A € A*, B € A% and t € (0, +00).
Therefore,

o0 +o0
©(A) = / u(t, A)dt < / u(t,|A +iB|)dt = o(|A +iB|).
0 0
The assertion is proved. O
Theorem 3. Let ||| - ||| be a unitarily invariant norm on a unital C*-algebra A. Then |||A||| <
|||A+iBl||| forall A€ AT and B € A%.
Proof. Recall that ||| Z]|| = |||Z*||| = ||||Z]||| for all Z € A. By[24, Theorem IX.7.1] we have

|| X — ReX||| < |||X = Y]|| forall X €A and Y € A%.

Let us put X =iAfor A € AT. Then |X| = A, ReX = 0 and for all B € A% we have
AT = XTI = [I1X] = 11X = ReX || < [||X = Bl|| = [[[iA — Bl|| = [[|A +iB]l,
since [iA — B| =| —i(iA — B)| =|A +iB|. Thus |||4]|]| < |||A +iB|||forall A € AT and B € A%. O
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