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Abstract—The deformation of the hook of the hook–roller connection and the triangular wedge is 
investigated in linear formulation based on the method of boundary integral equations—the boundary 
element method. 
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INTRODUCTION 

Numerical methods based on finite differences and finite elements are widely used when computing 
the stress-strain state of various structures. The boundary-integral equation method (BIEM)—
the boundary element method can compete with them in a number of tasks, especially in the case of 
bodies having complex curvilinear contours and various kinds of cutouts. Due to the use of the BIEM 
studied in [1–13], additional options appear in aeronautical engineering for the computation of complex-
shaped parts [14–20]. 

This method has considerable advantage as it reduces the dimension of the problem under 
consideration. If a plane body is considered, then the problem is essentially reduced to solving 
the boundary equations on a contour, and the strains in a plane body are determined by simple integration.  

Further, we study the stress-strain state of a curvilinear planar shape (hook–roller) by means of 
the BIEM. We also consider the deformation of a triangular wedge for the purpose of testing 
the computation algorithm.   

FUNDAMENTALS OF THE BOUNDARY ELEMENT METHOD 

The equilibrium equations of the domain element ( )1 2,x xΩ  in the plane problem of linear theory of 

elasticity have the form 0ij j jx b∂σ ∂ − = ,  , 1, 2i j =   or 

 , 0, , 1, 2,ij j jb i jσ − = =  (1) 

where the summation runs over repeated subscripts, ,ij jσ  are the derivatives of the stress in the direction 

jα ;  jb  are the components of the stress due to the weight of the plate element. 

As a result of the deformation, the coordinates ix  of the domain points are displaced by a quantity iu . 
In a linear setting, small deformations can be expressed by means of the deformation tensor
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In the case of an isotropic material, Hooke’s law has the form 
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 ( ) ( )22 1 ; ; ,ii ii jj ij ijG G i jσ = ε + νε − ν σ = ε ≠  (3) 

where [ ]2(1 )G E= + ν  is the shear modulus, E  is the tensile modulus, and ν  stands for Poisson’s ratio. 

The Lame equation of equilibrium with respect to displacements has the following form 

 , , (1 2 ) 0, 1, 2.j kk k kj jGu G u b k+ − ν + = =  (4) 

The stress boundary conditions are written as 

 ( ), , ,2 (1 2 ) ,i k k i i j j i jP u n G u u n G= ν − ν + +  (5) 

where i ji jP n= σ  are the stresses on the boundary, jn  are the components of the normal unit vector to 

the boundary of the body. 

Let 1 2Γ = Γ + Γ  be the boundary of the body. We assume that the displacements i iu u=  are given on 

1Γ , and the stresses i ji j iP n P= σ =  are given on 2Γ . 

If the concentrated stresses applied at a point ξ  are independent, then the displacements and stresses 

can be written as ( , )j ij iu u x e∗ ∗= ξ , ( , )j ij iP P x e∗ ∗

= ξ , where ( , )iju x∗ ξ , ( , )ijP x∗ ξ  are, respectively, 

the displacements and stresses that occur at point x  in some domain Ω in the j th direction due to 

the corresponding concentrated unit stress that acts in the direction of the i th unit vector and is applied at 
point ξ . 

The equation for each ith displacement component at point ξ  is written in the following form [11] 
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 (6) 

Equation (6) is known as the Somigliana identity for the displacement (in the domain Ω ). This 
identity is related to the singular Navier solution 

 , ,  (1 2 ) ( , ) 0, 1, 2,j kk k kj jG u G u x e k∗ ∗+ − ν + δ ξ = =  (7) 

where ( , )xδ ξ  is the Dirac delta function, ( , ) 0xδ ξ =  at xξ ≠ , ( , )xδ ξ = ∞  at xξ =  and 

( ) ( , ) ( )b x x d b
∗

Ω

δ ξ Ω = ξ∫ . Equation (7) gives a fundamental solution, from which one can determine 

( , )iju x∗ ξ  for Eq. (6). 

From Eq. 6, we obtain a continuous distribution of displacements at any point ξ∈Ω . To obtain 

the stress state, we differentiate the displacements with respect to the coordinates at point ξ . On 

substituting the result into Eq. (2) and then into Eq. (1), we get the equation for calculating the stress in 
the domain ξ∈Ω  [11] 
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(8) 

where the tensors ijku∗  and ijkP∗  are the displacements and stresses at an arbitrary point r due to 

the concentrated unit stress applied at point ξ  along the k axis. These tensors are defined by the following 
expressions: 
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 (9)  

Here , i jn n  are the direction cosines between the normal to the boundary and the directions ,  i j ; ijδ  is 

the Kronecker delta; ( , )r xξ  is the distance between the point ξ , where the stress is applied, and some 

point x  of the domain Ω; ,ir  are the function derivatives with respect to the coordinates of the x  point: 

 ( )
1/2

,, ( ) ( ), ( ).i i i i i i ir rr r x x x r dr x x= = − ξ =   (10) 

On the boundary, the function ( )iu ξ  in Eq. (6) has a discontinuity and is expressed in the following 

form 
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(11)
 

If surface forces ( )jb x  in Eq. (11) are known, then Eq. (11) defines the relation between 

displacements and stresses on the boundary of the body. For given boundary conditions ( )ju x  on 1Γ  and 

( )jP x  on 2Γ , this equation is a boundary-integral equation. Equation (11) is the initial one in 

the boundary-integral equation method and is used along with the fundamental Navier solution (7) for 
Eq. (6). 

In the case of a plane strain state, Kelvin’s solution for the displacement on the boundary has the form 

 ( ) ( ), ,(3 4 ) ln( ) 8 (1 ) .ij ij i ju r r r G∗

= − − ν δ − π − ν   (12)  

Further, we consider the application of this method to solving two tasks.  

COMPUTATION OF THE DEFORMATION OF A PLANE WEDGE 

Let us consider the strain state of an isotropic wedge having the shape of a right triangle. Figure 1 
shows the stress diagram. 

 

 

Fig. 1. 
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In Fig. 1, the length of the hypotenuse of the triangle corresponds to 1 m. The distributed stresses 
0.2p =  are applied along the normal directions to the hypotenuse and the vertical edge. We chose 

an adjacent angle of 30 deg so that the total external stress vanishes when projected onto the Ox axis. 
The triangle contour was split into 12 boundary elements; the angular points are considered twofold. 
Thus, we have a total of 15 points on the boundary. Using the computation results, we obtained 
the distribution diagram of the restraint normal forces in the direction of the Oy axis (see Fig. 2). 

 

 

Fig. 2. 

The relative error of the integral values of the restraint normal forces and the distributed stress 
projected onto the Oy  axis is of an order of  0.5 % .  

COMPUTATION OF THE DEFORMATION OF A HOOK–ROLLER  

The action of an external stress causes the hook to bend and shear (Fig. 3). Let r  denote the roller 
radius, and γ —the tilt angle of the upper edge. The hook bends under the action of a force R ; as a result, 

the bending moment becomes bendM Rx= , where x  is the variable distance between the point of 

application of the force R  and the section being considered with rectangular dimensions xh  and b , where 

b  is the section width. 

 

 

Fig. 3. 
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Let us consider the stress problem for the hook–roller regarded as an isotropic plate (see Fig. 3). We 
assume that the roller radius 0.01 mr = . The dimensions of the hook are shown in Fig. 3: 1 0.0226 ml = ; 

2 0.0166 ml = ; 3 0.0157 ml = ; 4 0.0274 ml = ; 5 0.00667 ml = ; 6 0.01902 m.l =  The angles 19 degβ =  

and 0degγ = . The reduced modulus of elasticity of the material 37400E =  N/m. The fracture of 

the material occurs at a stress 8600pσ =  N/m. Let the dimensionless values of the stress and the modulus 

of elasticity be [ ] 2p pσ = σ σ = , [ ] 8.6977E E= σ = , where [ ] 43 /m00 Nσ = .  

We split the contour of the hook into 36 finite boundary elements. There are in total 40 points, taking 
into account the double angular points (see Fig. 3).  Let us assume that the roller acts on the hook with 
a force 33 0.1732R = , 34 0.1732R = , 35 0.1732R =  along the Oy axis at boundary points 33–35. As 

a result, the hook bends, and on the line 1 0.0226l =  at points 1–9, there appear the following normal 

forces:
 1 0.481081;YR = −  2 0.264406;YR = −

 3 0.134846;YR = −  4 0.052553;YR = −  5 0.002461;YR = −  

6 0.030842;YR =  7 0.061973;YR =  8 0.084407;YR =  9 0.258977.YR =   

For the sum of the active forces R33 = 0.1732, R34 = 0.1732, R35 = 0.1732 with respect to point 9 (see 
Fig. 3), we obtain 0.0183068actM =∑ . For the sum of the moments of the normal forces 

1 0.481081;YR = −  2 0.264406;YR = −

 3 0.134846;YR = −  4 0.052553;YR = −  5 0.002461;YR = −  

6 0.030842;YR =  7 0.061973;YR =  8 0.084407;YR =  9 0.258977YR =  with respect to point 9, we obtain 

0.018646.normalM =∑  

Thus, the order of the relative error of the moments of these forces is less than 1.8 %ε = . 

ANALYTICAL METHOD FOR THE COMPUTATION OF THE FRACTURE ANGLE  
OF THE HOOK–ROLLER 

The action of the external stress causes the hook to bend and shear (see Fig. 3). Let r  denote the roller 
radius, and γ —the tilt angle of the upper edge. The hook bends under the action of a force R ; as a result, 

the bending moment becomes bendM Rx= , where x  is the variable distance between the point of 

application of the force R  and the section being considered.  The angle α  and the distance x  are related 
to the roller radius r through the dependence sinx r= α . Bending stresses are determined by the formula 

bend bendM Wσ = , where 2 6xW bh=  is the resistance moment of the hook section with the rectangular 

dimensions. Then, according to Fig. 3, the bending stresses satisfy the equation 

 
( )

2

6 sin
,

cos sin
bend

Rr

b A r B

α
σ =

− α + α

 (13) 

where ( )cos sin  tanA l= β + β γ  and tanB r= γ . The denominator in Eq. (13) meets the condition 
( cos sin 0)A r B− α + α ≠  for any angle α  since l r> . 

Let us determine the angle α  at which the bending stress bendσ  that acts on the hook section reaches 

its maximum value. From the necessary condition of extremum for the function ( )bend bendσ = σ α  (namely, 

0bendd dσ α = ), we obtain an equation to determine the angle α : 

 ( )2cos 1 sin cos sin 0.A r Bα − + α − α α =  (14) 

It can be shown that 2 2 0bendd dσ α < . Therefore, the function (13) has a maximum. The angle α , at 

which the function ( )bendσ α  attains its maximum, can be found from Eq. (14). 
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Let us write Eq. (14) in approximate form by restricting the expansions of trigonometric functions to 
two terms ( 3sin 6α = α −α  and 2cos 1 2α = −α ): 

 3 2
3 2 1 0 0,A A A Aα + α + α + =  (15) 

where 3 2 / 3A B= ; 2 ( / 2 )A A r= − + ; 1A B= − ; 0A A r= − . 

Equation (15) can be solved by Cardano’s formula. Using the solution of Eq. (15) as a first 
approximation, one can solve Eq. (14) to any required accuracy by iterations. 

COMPUTATION OF THE FRACTURE ANGLE OF THE HOOK–ROLLER  

The angles and geometry of the hook–roller joint are as follows (see Fig. 3): β = 19 deg, 0 degγ = ; 

dimensions: 0.02 ml = , 0.01 mr = . The approximate solution of Eq. (15) by Cardano’s formula gives 
the maximum value of the angle of bending stress: 38 deg 30α = ′ . This value can be refined using an 

iterative method. Finally, we get 41deg.α =  

According to the results of static fracture tests (Fig. 4), the angle of the fracture onset, at which 
bending stresses reach their maximum value, was determined as 39 deg.α =  The fractured piece can be 

seen in Fig. 4 superposed over a drawing of the hook–roller joint. 
 

 

Fig. 4. 

CONCLUSIONS 

When computing a triangular wedge by the boundary element method, the relative error of the integral 
values of the restraint normal forces and the distributed stress in projection onto the vertical axis was of 
the order of 0.5%. The computation of the hook–roller bending by the boundary element method showed 
good agreement between the moments of active and reactive forces. We suggest an approximate analytic 
method for the computation of the fracture angle of the hook–roller. The experiment showed a good 
convergence of the computation results.  
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