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Abstract—The paper deals with extensions of algebraic and topological monoids. The extensions
are defined by short exact sequences of objects and morphisms in the corresponding categories of
monoids and their homomorphisms. We consider the normal extensions of discrete monoids and
their Stone—Cech compactifications that are compact right topological monoids. We study proper-
ties of the Stone—Cech compactification functor acting from the category of algebraic monoids and
their homomorphisms to the category of compact right topological monoids and their continuous
homomorphisms. It is shown that this functor preserves the normal extensions of monoids. We also
obtain sufficient conditions for preserving the Schreier extensions of monoids under the action of this
functor.
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1. INTRODUCTION

The paper is concerned with the normal extensions of monoids. Two categories of monoids are
involved in our work. Namely, these are the category of all monoids and their homomorphisms as well as
the category of compact right topological monoids and their continuous homomorphisms. We consider
the Stone—Cech compactification functor between these categories and investigate its action on the
normal extensions of monoids.

The study of extensions is closely connected with many interesting problems in the categories of
Algebra and Functional Analysis (see, for example, [1, 2]). A.H. Clifford [3] introduced the ideal
extensions in the category of semigroups. L. Rédei [4] defined the Schreier extensions of monoids which
are the special case of the normal extensions considered in [5, 6]. It is worth noting that the Schreier
extensions of semigroups are intimately related to the extensions of groups.

The motivation for the work presented here comes from our study of the reduced semigroup C*-
algebrasin[7, 13]and the normal extensions of semigroups in[14516]. In[16], it is shown that the normal
extensions of semigroups are applied to solving the functoriality problem for morphisms of semigroup
C*-algebras which was posed, for example, in [17].

As is well known, the binary associative operation m on a discrete monoid (M, m) has a natural

extension 7 to the Stone—Cech compactification SM of the discrete topology on M. The pair (BM,m)
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2296 BERDNIKOV et al.

is a compact right topological monoid, and M is a subset of its topological center. The investigation
of algebraic and topological properties of such compact right topological monoids is very interesting
and important. In particular, these monoids have applications to the theory of Banach algebras, to
combinatorial number theory and to topological dynamics (see, for example, [18]).

In the present paper we show that the Stone—Cech compactification functor acting from the category
of monoids preserves the normal extensions. It means that this functor sends each normal extension

of monoids to a normal extension of compact right topological monoids which are the Stone—Cech
compactifications of monoids with discrete topologies. Moreover, we obtain conditions under which the

Stone—Cech compactification functor preserves the Schreier extensions of monoids.
The paper is organized as follows. It consists of four sections. Section 1 is Introduction. In Section 2

we present some preliminaries and set up notation and terminology. The description of the Stone—Cech
compactification functor between the categories of monoids is contained there. Sections 3 deals with the
proof of the property for this functor to preserve the normal extensions of monoids. In Section 4 we give

conditions under which the Stone—Cech compactification functor preserves the Schreier extensions of
monoids.

2. BACKGROUND AND DEFINITIONS

We shall use some basic notions and facts from the theory of categories and functors for which a
standard reference is Mac Lane’s book [19]. For various ways of constructions and for properties of
the Stone—Cech compactifications of topological spaces and discrete monoids, we refer the reader, for
example, to [20] and [18].

Let us consider the Stone—Cech compactification functor

6. Set — Comp Haus

from the category Set of all small sets and all functions between them to the category Comp Haus of all
compact Hausdorff spaces and all continuous functions between them. This functor assigns to each set

S the Stone-Cech compactification 8S of the discrete topology on S. Recall that for a set S endowed
with the discrete topology we have the homeomorphic embedding eg : S — 35 such that the image
set im(eg) is dense in the compact space 55 and the following universal property is fulfilled. For every
compact Hausdorff space K and every function f : S — K there exists a unique continuous function

f: BS — K making the diagram
S

€s

ps /L

commute. Notice that we say that the pair (35, es), or simply 35 itseli, is the Stone—Cech compact-
ification of S. The Stone—Cech compactification functor 3 assigns to every function ¢ : S — Sy in
Set the unique continuous function f¢ := eg, o ¢ : 8S7 — 52 such that the diagram

Sl SZ

(XY )

o

BS ——— BS;

is commutative.
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Now we consider the category Mon of all monoids and their morphisms and the category
Comp Mon, consisting of all compact right topological monoids and their continuous morphisms.
By morphisms of monoids we mean homomorphisms which preserve identities.

We denote by (M, m) a monoid in the category Mon. Here, M isasetandm : M x M — M is a
multiplication in M. As usual, we write zy instead of m(x,y), where x,y € M.

By a compact right topological monoid we mean a triple (M, m,T ), where (M, m) is a monoid,
T is a compact Hausdorff topology in M, and for each a € M, the right shift mapping

po M —M:x+—za, x M,

is continuous.

The identities in all algebraic and topological monoids will be denoted by the same symbol 1.

In what follows, we also use the same bold letter M to denote both objects (M, m) and (M, m,T)
from the categories Mon and Comp Mon, respectively. Thus, we write M = (M, m) as well as
M= (M,m,T).

The bold Greek letters p, 7, o, . .. stand for morphisms in both categories Mon and Comp Mon,.

The topological center of a compact right topological monoid M = (M, m,T) is defined as the
subset {a € M | A\, is continuous} in M, where A, is the left shift mapping given by

A M —M:zx+—ax, x€ M.

Further we shall define a covariant functor
B : Mon — Comp Mon,..

Suppose we are given a monoid M = (M, m). The binary operation m has a natural extension,
denoted by 7, to the Stone—Cech compactification SM of M. This extension is a unique binary
operation on SM such that for each a € M the right shift mapping p, : BM — BM is continuous
as well as for each b € M the left shift mapping A, : BM — BM is continuous [18, Theorem 4.1].
Under the operation 7, the compactification (8M,m, T) is a compact right topological monoid with
M contained in its topological center [18, Theorems 4.1, 4.4]. As usual, we identify M with the image
set im(epr) in BM. The identity of M is also the identity for the compact right topological monoid
(BM,m, T) (see[18, Subsection 9.4])).

By definition, we put that 3 assigns to an object M = (M, m) of the category Mon the object
(BM,m, T) of the category Comp Mon,., that is, we write SM = (M, m, T).
Belore defining the action of 8 on morphisms, we introduce two forgetful functors
Uy : Mon — Set and U, : Comp Mon,, — Comp Haus.

The former assigns to each monoid M = (M, m) its underlying set M and to each morphism
p: M — N of monoids the same function regarded just as a function between the sets M and N
and denoted by u : M — N. Thus, we shall write UyM = M and Uy = p.

The latter assigns to each compact right topological monoid M = (M, m1, 71) its underlying topo-
logical space (M, 71) and to each morphism g : M — N = (N, mg, T2) from Comp Mon, the same
function regarded just as a continuous function between the topological spaces (M, 71) and (N, 73). We
shall use the notation UyM = M and Uspp = pp: M — N.

To define the action of 3 on morphisms we take an arbitrary arrow
Qb : S8, = (Sl,ml) — Sy = (Sg,mQ) (3)
in the category Mon. Then we consider the morphism fU;¢p = B¢ : 551 — S92 in the category
Comp Haus.
By[18, Theorem 4.1 (c)], the image set im(eg, ) is contained in the topological center of the compact
right topological monoid (8S2, T2, T2). Hence, the image set im(eg, o ¢) is a subset of the topological
center of the monoid (852, Mo, T2). By [18, Theorem 4.8], this property together with the fact that 8¢ is

the unique continuous function making diagram (2) commute guarantee that ¢ is a homomorphism.
In addition, the commutativity of diagram (2) yields the equalities

Bp(1) = Bo(es, (1)) = es,(d(1)) = es,(1) = 1,
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that is, 8¢ preserves the identities.
Thus, for morphism (3) in the category Mon, one has the morphism

BQ& : (ﬁSbml, 7.1) — (ﬁSQ,WQ, 7.2)
in the category Comp Mon, which is defined to be as a continuous function just S¢. Note, we have
UxB¢ = B¢ = U1 ¢.

[t is straightforward to check that for every identity morphism 1p;: M — M and for arbitrary
morphisms 7 : S — L and o : L — M in the category Mon the following properties are fulfilled:

Blnm = 1oy and B(eoT)=foofT.

Therefore we conclude that 3 is a covariant functor. We call 3 the Stone—Cech compactification
functor between the categories of monoids.
Using the preceding observations, it is easily seen that the diagram

n pmp pn,
(4)
U 1 UZ
£t pmp aus

commutes.

Further we recall definitions concerning extensions of monoids. For details in the theory of semigroup
extensions we refer the reader to [5, 6, 21, 22].

LetS,L,Mand7:S — L, o : L — M be objects and morphisms either in the category Mon or
in the category Comp Mon,.. The sequence

S~ sL—2-M (5)
is said to be exact at the term L if the image set 7(5) coincides with the preimage set for the identity
of M under the function o, that is, the equality c=1(1) = 7(S) holds, where S = U;S. Note that for
z € M we write 01 (2) instead of 071({2}).

The triple (L, 7, o) is called a normal extension of the monoid S by means of the monoid M if = and

o are injective and surjective respectively, and sequence (5) is exact at the term L.
In other words, every normal extension is defined by a short exact sequence

1—S——L—2->M—1 (6)

consisting of monoids and their homomorphisms. Throughout, the symbol 1 stands for the trivial
monoids in the categories Mon and Comp Mon,.. It is worth noting, that we use here the terminology
of [22]. Namely, a short sequence of monoids (6) is said to be exact if T is injective, o is surjective and
sequence (6) is exact at the term L.

A triple (L, 7, o) is called a Schreier extension of the monoid S by means of the monoid M if this
triple is a normal extension and there exists a subset

{z:o(z:) =2, 2. € M\ {1}} (7)

in L having the following property: every element y € L\ 7(S) has a unique factorization in the form
y =x,7(a), where z € M \ {1} and a € S. In that case, the set L can be decomposed as follows:

L=7(5)] | ( | ] xZT(S)) : (8)

2eM\{1}

where we set z,7(S) :={x.7(a) | a € S}.
Often we say that the monoid L itself is an extension of the monoid S by the monoid M. Note that in
this case some authors say that L is an extension of the monoid M by the monoid S.
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3. NORMAL EXTENSIONS OF MONOIDS
AND THEIR STONE—CECH COMPACTIFICATIONS

In this section we show that the Stone—Cech compactification functor B between the categories
Mon and Comp Mon, preserves normal extensions of monoids. We divide the proof of this statement
into two lemmas.

As is known, the Stone—Cech compactification functor 8 : Set —s Comp Haus preserves injective
and surjective morphisms (see, forexample[18, Exercise 3.4.1]). Using the commutativity of diagram (4)
and the property of any functor to preserve the retractions and the coretractions, one has the first lemma

stating that the Stone—Cech compactification functor between the categories of monoids preserves
injective and surjective morphisms as well. For the sake of completeness, we prove this lemma.

Lemma 1. Let p: M — N be a morphism in the category Mon. Then the morphism
B : BM — BN is injective if p is injective, and surjective if w is surjective.

Proof. Let us assume that a morphism g : M — N is an injection. It follows that p: M — N is
an injective function. Since a morphism of the category Set is injective if and only if it is a coretraction,
the function p is a coretraction. But every covariant functor preserves coretractions, so that the
morphism Su has a left inverse morphism in the category Comp Haus. Hence, S is injective.

The commutativity of diagram (4) implies the equality UsBu = Bu. As a consequence, the
morphisms UsBp as well as B are injective. In the similar way one shows that the Stone—Cech
compactification functor 3 preserves surjections. O

Adjointness of the Stone—Cech compactification functor 3 is involved in the proof of the following

lemma. Before giving this proof, we recall some standard facts about the adjoint functors and the
coproducts in the categories Set and Comp Haus.

The Stone—Cech compactification functor 3 is left adjoint to the forgetful functor (see [19, p. 125])
V :Comp Haus — Set

which sends each compact Hausdorff space to the underlying set of its points and forgets about the
continuity of functions.

As is known, one of the most useful properties of the left adjoint functors is to preserve the colomits,
in particular, the coproducts which exist in domains of those functors [19, Ch. V, § 5].

For arbitrary objects A; and A in Set, a disjoint union A; | | A2 together with the natural embeddings
A —"— Ar| | As 22— 45,

is a coproduct of Ay and A,. Since the functor 8 preserves the coproducts, one has the coproduct
diagram

B — (] |Az) 2 54
in the category Comp Haus.
On the other hand, a topological sum 5A; | | BA2 with the natural embeddings
pA —1— pA | | 842 2 g4,

is a coproduct of objects SA; and Az in the category Comp Haus.

It follows from the universal property for coproducts that there exists a unique isomorphism
v BA||BAs — B(A1| ] Ag) in the category Comp Haus such that the diagram

BA: LIBA, B A4)

\ Bi

Y
PA«
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is commutative for each k = 1,2. As a consequence, one has the equality
B <A1 |_|A2) = Bir(BA1) || Bia(BA2). (9)

In the sequel, we shall make use of equality (9) for proving Lemma 2 and Theorem 2.
Lemma 2. Let a sequence of objects and morphisms in the category Mon
ST sL—2-M (10)

be exact at the term L. Then the sequence of objects and morphisms in the category Comp Mon,.,

3s T L BL 7 BMm (11)

is exact at the term BL.
Proof. The exactness of sequences (10) and (11) at the middle terms is equivalent to the validity of
the equalities im(7) = o~%(1) and

im(fr) = (Bo) "' (1) (12)

in the categories Set and Comp Haus respectively. To prove that equality (12) holds we shall consider
two decompositions of the compact space SL.

Firstly, we consider the disjoint union L = ¢~1(1)| |(L\o~1(1)) and the natural embeddings
li:o Y1) — L and Iy:L\o (1) — L

in the category Set.
Since the left adjoint functor g : Set — Comp Haus preserves the coproducts we get (see (9))
8L =5 (o7 L\ (1) = B (8o (W) || BB\ (1), (13)

Now, we show that the equality
Bli(Bo™ 1 (1)) = im(57) (14)

holds. To this aim, let us consider the function 7™ : § — im(7) = o~1(1) which is the corestriction
of the function 7 to the set #m(7). Obviously, one has the equality 7 = I; o 7. Because the function

7™ is surjective, the function 379" is also surjective [18, Exercise 3.4.1]. Hence, we get equality (14) as
follows:

im(B1) = im(Bli o Br'™) = im(Blh) = Bl (B0~ (1)).
Therefore, combining (13) with (14), we have the first decomposition of the space SL:

BL = im(B7)| |Bla(B(L\e ™" (1))). (15)
Furthermore, let us consider the second decomposition of the space 5L:
BL = (Bo) " (V) _|(Bo)~H(BM \ {1}). (16)
We prove that one has the following relations:
im () C (Bo)"1(1) and  Bla(B(L\o (1)) C (Bo)"H(BM \ {1}). (17)

To prove the former, let us consider the mapping o1 : 0=1(1) — {1} and the natural embedding
i1 : {1} — M in the category Set. Obviously, the diagram

O i
o!l(l) ——1L

G c

n———M
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is commutative, that is, o o I3 = i1 o o1 which implies the relation So o 811 = Bi1 o Bo1. By (14), one
has the following equalities:

im(Bo o Bly) = Bo(Bli(Bo ' (1)) = Bo(im(BT)), (18)
Because the functions o1 and So; are surjective, and fi; is unit preserving, we get the equalities
im(Biy o Boy) =im(Biy) = {1}. (19)

[t follows from relations (18) and (19) that in (17) the first inclusion is valid.

To prove that in (17) the second incluson holds, we proceed as follows. In the category Sef let us take
the mapping o9 which is defined by

oy: L\ o7 1(1) — M\ {1} : 2 — o(2),
and the natural embedding io : M \ {1} — M. Consider the commutative diagram

I\o™'(1) k.

M1 ——— M
Then we have the equality
Bo o Bly = iz o foa. (20)
for the compositions of the mappings in the category Comp Haus. Note that one has
im(Bo o Bla) = Bo(Bla(B(L\ o~ (1))); (21)
im(Biz o Boz) C im(Biz) = Biz(B(M \ {1})). (22)
Hence, relations (20), (21) and (22) imply
Bo(Bla(B(L\ 0~*(1))) C im(Biz) = Bia(B(M \ {1})). (23)
We claim that
Bia(B(M \ {1})) = BM \ {1}. (24)

Indeed, since the left adjoint functor g preserves the coproducts we have the decomposition (compare
with (9))

BM = Bio(B(M \ {1}))|_] Bir (B{1}). (25)
[t follows from the commutativity of the diagram

i
m—" oy

p{1} L M
that the following equalities hold:
Bin (B{1}) = Bir(eqy({1})) = em(i1({1})) = ems({1}) = {1}. (26)

Combining (25) and (26), we obtain equality (24), as claimed. Therefore, relations (23) and (24) yield
the second inclusion in (17).

Finally, using (15), (16) and (17), we get equality (12), as desired. O
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As an immediate consequence of Lemma 1 and Lemma 2, we obtain

Theorem 1. Let B : Mon —s Comp Mon, be the Stone—Cech compactification functor. Let
a triple (L,T,0) be a normal extension of a monoid S by a monoid M. Then the triple
(BL, BT, Ba) is a normal extension of the compact right topological monoid BS by the compact
right topological monoid BM.

4. SCHREIER EXTENSIONS OF MONOIDS
AND THEIR STONE—CECH COMPACTIFICATIONS

This section is concerned with the Schreier extensions of monoids by means of finite monoids.
Firstly, for a such extension (L,7,0) we prove Theorem 2 on a decomposition of the set space

BL. Secondly, Theorem 3 states that the Stone—Cech compactification functor 3 transfers a Schreier
extension of monoids (L, 7, ), where L has the left cancellation property, to the Schreier extension of

the Stone—Cech compactifications of the compact right topological monoids.
Let us consider a normal extension (L, 7, o) of monoids defined by a short exact sequence

1—S—"——>L—2-F—1 (27)

in the category Mon, where F is a finite monoid. Since the finite set F, which is equipped with the
discrete topology, is a compact Hausdorff space, the pair (F, 1) is its Stone—Cech compactification. Of
course, the multiplication 7 in the Stone—Cech compactification F coincides with the multiplication m

in F. Therefore, in that case, after applying the Stone—Cech compactification functor 3 to sequence (27),
we can consider the short exact sequence

BT BL Bo
and say that it defines the normal extension (8L, 3T, o) of the compact right topological monoid 3S
by F.

Theorem 2. Let B : Mon —s Comp Mon,. be the Stone—Cech compactification functor. Let a
triple (L, T,0) be a Schreier extension of a monoid S by a finite monoid ¥. Then (SL, 57, B0) is a
normal extension of the compact right topological monoid S by F. Moreover, there is a subset

{jz | Bg(jz) =z, z€F \ {1}} (28)

in the set 8L such that one has the decomposition

BL = pr(BS) | ( | ] xzﬂT(BS)) : (29)

2€F\{1}

1 BS F 1,

Proof. Since the triple (L, 7, o) is a Schreier extension of monoids, we have finite set (7) and finite
decomposition (8) with z € F'\ {1} instead of z € M \ {1}.

Consider the natural embeddings in the category Set
jg:7(8)— L and j,:z.,7(S) — L
forevery z € F'\ {1}.

Because the Stone—Cech compactification functor preserves the coproducts, we obtain (see (9))

BL = Bi(BrSN)] | ( | | mzww(sm) . (30)

2€F\{1}

The arguments similar to those in the proof of Lemma 2 show that we have

Bi(B(7(S5))) = BT(BS). (31)
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Combining (30) and (31), we get the decomposition
BL=prBS)| || [ ] Bi:(87(9))] - (32)
zeF\{1}

[t follows from the commutativity of the diagram

(&)
L—F

er lF

BL Bo .

that the value of the function fo : BL — F' at the point Z, := ey (z,) € SL is equal to the element
z € F\{1l}.
Further, we claim that, for each z € F'\ {1}, the equality
z.B7(8S) = Bj.(B(x.7(5))) (33)

holds. Indeed, let us consider the left shift mappings A, : M — M and Az, : BL — BL. As was
noted in Section 2, the element Z, belongs to the topological center of the compact right topological

monoid BL, that is, the function Az, is continuous. Hence, the commutativity of the diagram

A
L . L

BL - = o BL’
the universal property of the Stone—Cech compactification SL (see (2)) and the definition of the function
Bz, (see(2))yield the equality of continuous functions
Az, = BAs.. (34)

Consider the left shift mapping A, : 7(S) — x.7(S) : 7(a) — z.7(a), where a € S. Notice, it is

surjective. Hence, the function 8., : B(7(S)) — B(x.7(S)) is also surjective. Furthermore, we have
the commutative diagram

T(5) J L
A, l A,
xa(s) — = L

Therefore, applying the Stone—Cech compactification functor 3 to the equality Ag,0j=7z0 S\xz of
compositions, we get

/8/\xz © B] = B]z o /B;\xz (35)

We are now in a position to show the validity of equality (33). According to the above arguments, one
has the following:

T.p7(BS) = T(BjB(7(5))) (by (31))
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= (BAe. 0 B7)(B(7(5))) (by (34))
= (Bjz© BAe.)(B(7(S))) (by (35))
= Bj.(B(z.7(S))) (by surjectivity of BA,.),
as claimed.
Using (32) and (33), we obtain equality (29), as required. O
Remark 1. In general, the extension of compact right topological monoids constructed in Theorem 2

is not a Schreier extension. Really, for an element y € SL\ B7(8S) its factorization in the form
y =7T,07(a), where z € F'\ {1} and a € S, may not be unique.

The following theorem gives a sufficient condition for an extension of the Stone—Cech compactifica-
tion of a compact right topological monoid to be a Schreier extension.

Before formulating this result, we recall that an element a in a monoid M is said to be left cancelable
if whenever z,y € M and ax = ay, one has x = y. In other words, the left shiit mapping A : M — M
is injective. A monoid M is said to be [left cancellative, or with the left cancellation property, if every
a € M is left cancelable.

Theorem 3. Let B : Mon —s Comp Mon, be the Stone—Cech compactification functor. Let
(L, 7,0) be a Schreier extension of a monoid S by a finite monoid ¥ and L be a left cancellative

monoid. Then (BL,T,Beo) is a Schreier extension of the compact right topological monoid BS
by F.

Proof. By Theorem 2, the triple (8L, 3T, 30) is a normal extension. Moreover, we are given
decomposition (29) for the set 5L constructed by making use of decomposition (8) with z € F'\ {1}
instead of z € M \ {1}. Let us take an arbitrary element y € SL\ S7(8S). Then there exists a unique
element T in set (28) such that y € Z,87(59).

Further, we take the element 2, € L from set (7). Notice thatZ, = ey (x.). Since the monoid L is left
cancellative, the element z, is left cancelable. By [18, Lemma 8.1], the element Z, is also left cancelable.

As a consequence, because the function 57 is injective, there exists a unique element a € 55 such
that y = 7, 67(a), as required. O
Remark 2. Let a triple (L, 7, o) be a Schreier extension of a monoid S by a finite monoid F. From

the proof of Theorem 3, one sees that (8L, 37, Bc) is a Schreier extension if there exists set (7) in L
such that each element x, is left cancelable.
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