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Abstract—We consider inductive sequences of Toeplitz—Cuntz algebras. The connecting ho-
momorphisms of such a sequence are defined by a finite set of sequences of positive integers.
We prove that the inductive limit of such a sequence of Toeplitz—Cuntz algebras is isomorphic
to the reduced semigroup C*-algebra constructed for the unitalization of the free product of a
finite family of semigroups of positive rational numbers. We show that the limit of the inductive
sequence of Toeplitz—Cuntz algebras defined by a finite set of sequences of positive integers is
a simple C*-algebra.
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INTRODUCTION

This paper is devoted to the study of inductive limits of sequences of Toeplitz—Cuntz algebras.
Recall that a Toeplitz—Cuntz algebra 7O, is a unital C*-algebra defined as a universal C*-algebra
generated by a set of n isometries with mutually orthogonal images. This algebra was defined
and studied by Cuntz [4, 5]. Subsequently, the properties of Toeplitz—Cuntz algebras and their
applications have been studied by many authors (see, for example, [1, 3, 6, 15, 16]). Note that these
algebras turned out to be closely related to the normal involutive endomorphisms of the C*-algebra
of all bounded operators on a Hilbert space.

This paper continues the authors’ studies on the theory of semigroup C*-algebras and inductive
systems of C*-algebras, which were started in [2, 7-13, 17, 18]. In particular, the properties of
inductive sequences of Toeplitz algebras defined by sequences of positive integers and of their limits
were studied in the indicated papers.

In the present study, we consider inductive sequences consisting of copies of the same Toeplitz—
Cuntz algebra 7 O,,. The connecting homomorphisms of such a sequence are defined by means of a
set of n sequences of positive integers Py, ..., P,. For each sequence P, we construct a semigroup Sy
isomorphic to a subsemigroup of the group of all rational numbers. We prove that the limit of the
inductive sequence of Toeplitz—Cuntz algebras T O,, defined by the set Py, ..., P, is isomorphic to
the reduced semigroup C*-algebra C}(S) constructed for the unitalization S of the free product of
semigroups Sy * ... * S,. We also show that this inductive limit is a simple C*-algebra.

The paper consists of the introduction and two sections. In Section 1, we present necessary

notation, definitions, and preliminary information from the theories of C*-algebras and semigroups.
Section 2 contains results on the limits of inductive sequences of C*-algebras.
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1. NOTATION AND PRELIMINARY INFORMATION

We begin with the definition of the Toeplitz—Cuntz algebra. Throughout the paper, n > 2 is
a fixed positive integer. Let Uy,...,U, be bounded linear operators on some Hilbert space that
satisfy, together with the identity operator I on this space, the following conditions:

(1) UjUy = I for any positive integer k < n;
(2) UjU; = 0 for any positive integers k,l < n such that k # [;
(3) Dp UpUf < I

Cuntz proved [5, Lemma 3.1] that the C*-algebra generated by the operators Uy, ..., U, satisfy-
ing relations (1)—(3) is independent of the choice of these elements and, hence, can be characterized
as a universal C*-algebra generated by n operators Uy, ..., U, and relations (1)—(3). As mentioned
in the Introduction, this universal C*-algebra is called the Toeplitz—Cuntz algebra and denoted
by TO,,.

Recall how the free product of a disjoint family of semigroups is constructed. Let S, 1 < k < n,
be a set of semigroups such that S; N S; = @ for i # j. Denote by Si x ... xS, the set of all
nonempty finite sequences a; . ..q;, I € N, consisting of elements of the disjoint union | |;_, Sy such
that, for any index 1 <14 <[ — 1, the condition a; € Sy for some 1 < k < n implies that a;4+1 ¢ Sk.
In other words, in a sequence aj...a; € S1 * ... *.5,, any two adjacent elements belong to different
semigroups. Next, introduce a binary operation * on the set S; ... * S, by the formula

ai...aby... by if a; €8;, b1€Sj,i7éj,
al...al*bl...bm:

ay...aj—1(a;-by)by... by, if a;, by € S; for some i,
where ay...a;,b1...b,, € S1%...% 5, One can easily check that the set Sy *...* .5, equipped
with the operation * is a semigroup, which is called the free product of the semigroups Sy, 1 < k <mn.
Note also that in the category of semigroups and their morphisms, the free product Sy *...* Sy,
is defined as the coproduct of the family of objects Sg, 1 < k < n (see, for example, [14, Ch. VII,
Sect. 1| for details).

Let us proceed to the definition of the reduced semigroup C*-algebra C[(S), where S is an
arbitrary semigroup with left cancellation and neutral element.

Below, as usual, we denote by 1?(S) the Hilbert space of all square integrable complex-valued
functions on the semigroup S. Consider a standard orthonormal basis {e, | a € S} of the Hilbert
space 12(S), where the function e, is defined by

1 if a=b
(b)) = ’
a(b) {0 if ab.

For every a € S in the C*-algebra B(I?(S)) of all bounded operators on the Hilbert space [2(55),
define an isometric operator V,: [2(S) — 12(S) by the formula

Va(eb) = €ub, bes.

Now, consider two subalgebras in the C*-algebra B(I?(S)). By P(S) denote the involutive
subalgebra generated by the set of isometries {V, | a € S}, and by C}(S) denote the C*-subalgebra
in B(I?(9)) obtained by completing P(S) in the operator norm; the subalgebra C}(S) is called the
reduced semigroup C*-algebra for the semigroup S. Every element of P(S) can be represented as a
linear combination with complex coefficients of operators of the form

VvV 1)
where a; € S, 4; € {0,1}, j =1,....,t, t € N, and we set ch_ =V, and Valj = Vo,
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62 S. A. GRIGORYAN et al.

Next, recall the definitions of an inductive sequence and inductive limit in the category of
C*-algebras and their x-homomorphisms (see, for example, [19, Ch. 6] for details).

An inductive, or direct, sequence is a set { Ag, gpk}:;"i consisting of C*-algebras A and *-homo-
morphisms ¢y : A — Ag11. To represent this inductive sequence, one often uses the diagram

Al 25 Ay B A3 B (1.2)

An inductive, or direct, limit of the inductive sequence (1.2) is a pair (A, {¢k };>3) consisting
of a C*-algebra A and a sequence of *-homomorphisms {pj o: Ar — A};;"i with the following
properties:

(i) for any k € N, the diagram
Pk

Apy1

,\oo\ Al,oo
A

Is commutative, 1.€., Yk 0o = Pk41,00 © Pk}

Ay
Pk

(ii) (universality property) for any C*-algebra B and any sequence of *-homomorphisms {9y, o :
A, — B};;"i satisfying the condition ¥y oo = Y1100 © @& for every k& € N, there exists a
unique morphism : A — B such that the diagram

Ay,
Soky %\c\,oo
A v B

is commutative, i.e., ¥ oo = 1 0 Q) o0, for any k € N.

Often, the object A itself is called the inductive limit. It is well known that inductive limits can
always be constructed in the category of C*-algebras and their *-homomorphisms. For an inductive
sequence {Ay, ¢ }123, its inductive limit is denoted by li_H)l{Ak, ¢k }. Moreover, for every inductive
sequence in the category of C'*-algebras and their *-homomorphisms, there exists a unique, up to
isomorphism, inductive limit of this sequence.

Below we will need the following example of an inductive sequence of C*-algebras and their *-ho-
momorphisms. Let {Ak};;’ol be an increasing sequence of C*-subalgebras of some C*-algebra C,
i.e., Ap C Agyq for any k € N. Then the sequence {Ay, gok},':g, where each connecting *-homomor-
phism ¢y : Ay — Agyq is a natural embedding, is an inductive sequence of C*-subalgebras. Up to
isomorphism, the inductive limit of the sequence {Ay, ¢x};2] is the pair (A4, {¢k 00 };2]) with

and the *-homomorphism ¢, o, : Ay — A given by the natural embedding of C*-algebras for every
k € N (see [19, Remark 6.1.3]).

2. INDUCTIVE SEQUENCES AND THEIR LIMITS

In this section, we consider an inductive sequence of C*-algebras consisting of copies of the
Toeplitz—Cuntz algebra T O, for a fixed number n. The connecting morphisms of this sequence are
defined by the exponentiation of the generating isometries of the C*-algebra T O,,, with exponents
given by n sequences of positive integers

Pr={pi,p21,---}, oy Po={pin,p2m,...} (2.1)
such that for any k& € N there exists an index i, 1 < i < n, for which pg; # 1.
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The following lemma will allow us to construct inductive sequences of Toeplitz—Cuntz algebras.

Lemma 1. For every k € N, there exists a unique injective x-homomorphism
defined by its action on the generating isometries Uy, ..., U, as follows:

or(U1) = U, o, orp(Uyn) = URF.

Proof. Since TO,, is a universal C*-algebra on n generators satisfying relations (1)—(3) from
the definition of the Toeplitz—Cuntz algebra T O,,, we should verify that the elements U, ... Ub*"

satisfy these relations. The validity of relations (1) and (2) for the elements UY*', ... UL*" is obvious.
Let us check relation (3). It is clear that we have the operator inequality
U (UPH)" + OB (UDR2)" 4. 4 UB (UB)" < I (2.2)

According to the condition satisfied by the sequences (2.1), at least one of the exponents py;
of the generating element Uj;, j = 1,...,n, in inequality (2.2) is greater than 1. Suppose that this
is U1. Moreover, suppose also that the equality

U (UP)" + UPR2 (UR)" + ...+ UP (URe) " =1 (2.3)
holds. Multiplying equality (2.3) by (U? ’“1_1)* and U? #171 on the left and right, respectively, we
obtain the equality

UUy =1,
which contradicts relation (3) for the generating elements Uy, ..., U, of the Toeplitz—Cuntz alge-

bra TO,,. Thus, we have shown the validity of relation (3) for the elements UP* ... UF. O

Consider the inductive sequence of Toeplitz—Cuntz algebras
TO, 25 T0O, 2 TO, 255 ... (2.4)

with connecting *-homomorphisms ¢ : 7O, — T O,, defined by the formulas from Lemma 1. We
call this sequence the inductive sequence of Toeplitz—Cuntz algebras defined by the set of sequences
of positive integers (2.1).

Below we will consider additive semigroups of rational numbers that correspond to the se-
quences (2.1) and are defined as

m
Q; :{7
P Pik - - - Dsk

m € N, SEN},

where 1 < k < n. Introduce a semigroup Si as the Cartesian product of n semigroups:
Sk ={0} x ... x {0} x Qp_x {0} x ... x {0},

where the semigroup Q;Sk is in the kth position. Since 0 ¢ Q;’;k for each k£, 1 < k < n, it follows
that S, NS} = @ for any k and [ with 1 < k,1 < n. Let S be the unitalization of the free product of
semigroups S * ... * Sy. In other words, S is a semigroup obtained by adding the neutral element 0
to the semigroup Sy * ... * Sy:

It is easy to see that S is a cancellative semigroup. We will call S the semigroup defined by the set
of sequences of positive integers (2.1).

The main result of this section is the fact that the inductive limit of the inductive sequence (2.4)
coincides, up to isomorphism, with the reduced semigroup C*-algebra C;(S). To prove this fact,
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64 S. A. GRIGORYAN et al.

we consider another inductive sequence which is an inductive sequence of C*-subalgebras of the
semigroup C*-algebra C}(.5).

Let us fix arbitrary elements (¢1,0,...,0),...,(0,...,0,g,) in the free product of semigroups
Si * ... % S,. Denote by Ty g4, the C*-subalgebra in C}(S) generated by the n isometries
W%,O,...,O)v SR ‘/(0,...,0,qn)-

The following lemma shows that each of the algebras 7, . 4, is a universal C*-algebra generated
by n isometries with mutually orthogonal images, i.e., a Toeplitz—Cuntz algebra.

Lemma 2. For any set of rational numbers (qi,...,q,) € Qlt1 X ... X Q;n, the correspondence
Vig1,0,..,0) = U, -+, Vio,....0,40) = Un extends to a C*-algebra isomorphism

v 7:117---7‘171 - TO”

Proof. Let us show that the elements V(g 0 ..0); - V0,04, generating the C*-algebra
Tar.....qn satisty relations (1)—(3) from the definition of the Toeplitz—Cuntz algebra.

Relation (1) is obvious.

Let us prove relation (2). Fix k and [ with k # [. Let us show that

‘/(57"'7(1](37"'70) ‘/(07"'7ql7"'70)ea = 0

for any e, € I2(S). Suppose that V(’S o o)V(O,...,ql,...,O)ea # 0. Then there exists an element b € S
such that 1/(’67___7%7”"0)T/(O,...7ql,...70)ea = ¢p. For the scalar product <‘/(>6,...,qk,...70)‘/(0,---7QZ7~~~70)6‘1’eb>’ we

have

<V(>6,,,,,qk,,,,,o)V(o,...,ql,...,o)ea, es) = Vo, ..qi0)€a> V(0,....qx...0)€b)

= (€(0,010)a> €(0,..rgp0)) = 05

since (0,...,q;,...,0)a # (0,...,qk,...,0)b. We have obtained a contradiction, since (ep,ep) = 1.
Thus, relation (2) holds.
It remains to prove relation (3). Obviously, we have the operator inequality

V(010,00 V(g1,0,...0) T V10,0200 V(0,42,0,...0) T -+ + V10,0000 V(0,....0,00) < 1-
Suppose that

V1,00 Vg1,0,..0) T Y10.42.0...0V0,.00.0,...00 + - + V0,000 V(0,...0.9n) = {- (2.5)
Take a number gy € (@;Sl such that gy < gq1. Then q; — qo € @Itf Multiplying equality (2.5) by
V(’;O 0,...0) and V(g 0,..,0) on the left and right, respectively, we obtain the operator equalities

Vi20,0,0) V(@100 V(31.0,..0) V(2000 = V300,000 Vigo.0,.0) = 1
‘/(20,0,...,0)‘/(510707---70)VY(Q1_fIOyown,O)‘/(T]l—qo,O,...,O)‘/(20,0,...70)‘/@0,07~~,0) = I’
V(q1—qo,07---,0)V(Zl—qo,07...70) =1

We have arrived at a contradiction, since the operator V| is not unitary.

Q1_q0707"'70)
Thus, the following strict inequality holds:

V(q1,07.--70)V(21,0,...70) + V(O,qz,O,.--,O)V(aqu,...m +.o..+ ‘/(07---707Qn)‘/(>6,...,0,qn) <I.

The existence of a required isomorphism of C*-algebras ¥: 7, .. — TO, now follows from
the Cuntz lemma |5, Lemma 3.1| (see also [16, Corollary 5.1]). O
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Now, let us construct the second inductive sequence of C*-algebras. To this end, in the semigroup
C*-algebra C¥(S), we consider the sequence of unital C*-subalgebras

Ti,..1, T 1 , T U A 1 e

P11 7P1n P11P21 " P1nP2n P11--Pk—1,1""" Pln--Pk—1,n

Below, we will use the following notation for this sequence of algebras:
T, 72, T3, Ty e v
Denote the generating elements of the C*-algebra 71 by
Vi1 = ‘/(170,”'70), eeey, Vip = ‘/(07___,071).
For the generating elements of the C*-algebra T, k > 2, we will also use the notation

Vkl = V(% 07---70)7 ey an = V(0770 %)

P11---Pl—1,1" 'Pin-Pk—1,n

Note that the generators of the algebras 7 and Tiy1, k € N, satisfy the equalities

Pk1 Pkn
Vi = Vk—i—ll’ ooy Vin Vk+1n

Hence, we have the inclusion of subalgebras 7T C Ty for every positive integer k. Thus,
TiCcTaCTz3C...CT C

is an increasing sequence of C*-subalgebras of the semigroup C*-algebra C}(.S), and

IR N LN (2.6)

where the connecting s*-homomorphisms v, k € N, are natural embeddings of C*-subalgebras, is
an inductive sequence of C*-algebras. We also call the sequence (2.6) the inductive sequence of
C*-subalgebras defined by the set of sequences of positive integers (2.1).

In the following theorem, we prove that the closure of the union of the sequence of subal-
gebras {7} in the norm topology of the semigroup C*-algebra C)(S) coincides with the whole
algebra C}(S). This result implies (see, for example, [19, Remark 6.1.3]) that the inductive limit of
the inductive sequence of C*-subalgebras (2.6) is (up to isomorphism) the C*-algebra C}(S) itself.

Theorem 1. Let S be the semigroup and {779,7/%} ) the inductive sequence of C*-subalge-
bras of the semigroup C*-algebra C}(S) that are defined by a set of sequences of positive integers
Pi,...,P,, n € N. Then the following equality holds:

“+oo
=7 (2.7)
k=1

Proof. The inclusion C}(S) D U 1 Tk is obvious.
Let us show that the reverse 1nclu51on holds. To this end, we prove the inclusion

+o0o
c T (2.8)
k=1

To prove this, we fix an arbitrary element A € P(S) and its representation in the form of a finite
sum of operators of the form (1.1) with complex coefficients. In this linear combination, we consider
an arbitrary term, which is assumed to have the form (1.1) without loss of generality. First, for
each factor Vazj in this term (1.1), we represent the element a; of the semigroup S as a sequence
aj = by...b, I € N, of elements of the semigroups Sj; recall that any two adjacent elements in
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the sequence by ... belong to different semigroups Si. Then we express the element Vazj as a
composition of operators as follows:

i Vo Vi - Vo, i i =1,
Y VeV Ve if i =0.

1

(2.9)

Suppose that we have the case i; = 1 in (2.9). Let by € S, for some 1 < k < n. Then there
exist numbers m € N and s € N such that

m

by = <0,...,0,7,0,...,0>,
Pik - - - Dsk

where pjj, is the jth term of the sequence P, 1 < j < s.
The operator equality

— m
Vbl — Vs+1,k

implies the inclusion Vj;, € Ts41. In exactly the same way, for each index ¢ = 2,...,[, one can show
that the inclusion V3, € T, holds for some s; € N. Therefore,

Vol €Ts, (2.10)

where t = max{s + 1, s9,...,5}.
In the case where the equality i; = 0 holds in (2.9), inclusion (2.10) is proved in a similar way.
Thus, we have shown that each factor of the operator (1.1) is contained in the set on the right-
hand side of (2.8). So we conclude that the operator (1.1) itself is contained in this set. Similarly,
each term in the linear combination representing the operator A, and so the operator A itself,
belongs to the right-hand side of (2.8). Thus, inclusion (2.8) is proved. Using (2.8) and the fact
that the algebra P(S) is dense in C}(S), we conclude that equality (2.7) is valid. O

Corollary 1. Let S be the semigroup and {776,1#;@}2:01 the inductive sequence of C*-subalge-
bras of the semigroup C*-algebra CJ(S) that are defined by a set of sequences of positive integers
Pi,..., Py, n € N. Then the following C*-algebra isomorphism holds:

ling{Th. 01} = CZ(S).

Now we are ready to prove the main result of the paper on the limits of inductive sequences of
Toeplitz—Cuntz algebras.

Theorem 2. Let S be the semigroup and {T(Qn,gpk}',::i the inductive sequence of Toeplitz—
Cuntz algebras that are defined by a set of sequences of positive integers Py, ..., P,, n € N. Then
the following C*-algebra isomorphism holds:

limy (7O, 1} 2 CL(S).

Proof. By Lemma 2, for every k € N, there exists a C*-algebra isomorphism Uy : 7 — T O,,.
Denote by ®: TO,, — T the inverse of the isomorphism V.

Consider the following diagram, in which the upper and lower rows are, respectively, the induc-
tive Toeplitz—Cuntz sequence (2.4) and the inductive sequence of C*-subalgebras of the semigroup
C*-algebra C}(S) (2.6) that are defined by the sequences P, ..., Py:

70, L0, e To, T lim {7 On, o1}
|

®, Dy Ppt1 \lig{q’k}
Y

e e, lim{ T, v}
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We argue that this diagram is commutative. Indeed, it suffices to show that for every k € N the
corresponding square is commutative, i.e., that the following equality of *-homomorphisms holds:

q)k-i-l O Y = lbk (¢] CI)k (211)

Let us show that equality (2.11) holds on the generating elements Uy, ..., U, of the Toeplitz—
Cuntz algebra T O,,. We fix an arbitrary number s € N, 1 < s < n, and first calculate the value of
the homomorphism on the right-hand side of (2.11) on Us:

VY 0 P (Us) = Y (Vies) = Vi

Now we calculate the value of the homomorphism on the left-hand side of (2.11) on the same
element Usg:

Dy 0 1 (Us) = Cpp1 (UF) = (Pps1 (U)o = V715 = Vs,

where pps is the kth term of the sequence P;. Hence, on the generators of the Toeplitz—Cuntz
algebra, equality (2.11) holds.
Next, recall (see the proof of Lemma 2) that the set of n operators

Vit -y Vin

satisfies relations (1)—(3). Therefore, since the Toeplitz—Cuntz algebra 7 O,, is a universal C*-algebra
with n generators Uy, ..., U, satisfying relations (1)—(3), there exists a unique *-homomorphism of
C*-algebras

T(Dn — 7794-1

that maps the generating element Uy to the operator Vi, for each 1 < s < n. Hence, equality (2.11)
holds, and so the diagram presented above is commutative.

Thus, the set {®;};> is a morphism between the inductive sequences of C*-algebras (2.4)
and (2.6).

Finally, consider the C*-algebra *-homomorphism
lim{®y}: Bm{7On, or} — Im{Tk, i}

which is the limit morphism for the morphism {q)k}g;"i Since all ®;, are isomorphisms, the *-ho-
momorphism hﬂ{@k} is also an isomorphism of C*-algebras.
To complete the proof of the theorem, it remains to apply Corollary 1. [J

In the final part of the paper, we address the problem of the existence of ideals in the semigroup
C*-algebra C}(S), which is the inductive limit of the sequence of Toeplitz—Cuntz algebras defined
by a set of sequences of positive integers. Namely, we show that the C*-algebra C}(S) is simple. It
is well known that simple algebras play an important role in the structural theory of C*-algebras.

Recall that a C*-algebra is said to be simple if it has no closed ideals except the zero ideal and
the algebra itself.

To prove the simplicity of the semigroup C*-algebra C}(S), we will apply the following well-
known fact, which we formulate as a lemma.

Lemma 3. Let A be a C*-algebra containing an increasing sequence of C*-subalgebras
{AYESS such that |U{2] Ak is dense in A. Let J be a closed ideal in A. Then the following
equality holds:

+oo
J=JnA.

k=1
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The proof of Lemma 3 is based on arguments similar to those used in the proof of Theorem 6.2.6
in [19] for approximately finite-dimensional algebras.

Let us proceed to the final statement of the paper, which states that the inductive limit of the
inductive sequence of Toeplitz—Cuntz algebras defined by the set of sequences (2.1) is simple.

Theorem 3. Let {TO,, cpk}]j;"{ be the inductive sequence of Toeplitz—Cuntz algebras defined by
the set of sequences of positive integers Py, ..., P,, n € N. Then the inductive limit lig{TOn, Ok}
of this sequence is a simple C*-algebra.

Proof. Let S be the semigroup defined by a set of sequences Py, ..., P,. By Theorem 2, to
prove the assertion, it suffices to prove that the C*-algebra C}(S) is simple.

Let J be a proper closed ideal of C}(S).

We consider an increasing sequence of C*-subalgebras {7}/ in the algebra C(S) and first
show that the equality

JNTe = {0} (2.12)

holds for any positive integer k.

Suppose that J N T # {0} for some k. The set J N T is a closed ideal in the C*-algebra 7.
By Lemma 2, the algebra 7y is isomorphic to the Toeplitz—Cuntz C*-algebra TO,,. In [4, Proposi-
tion 3.1], Cuntz proved that the Toeplitz—Cuntz algebra 7 O,, contains a closed ideal K generated
by the element I — "}, U, U}, which is isomorphic to the ideal of compact operators on an infinite-
dimensional separable Hilbert space, and that the C*-algebra isomorphism 70,,/K = O, holds,
where O,, is the Cuntz algebra. Since the Cuntz algebra is simple [4, Theorems 1.12, 1.13], any
proper nonzero ideal in 7O, coincides with K. Thus, in the C*-algebra T, there is an ideal
generated by an element I — Y7 | Vj; V% that coincides with the ideal J N 7y. Hence, the following
inclusion holds:

n
1= ViV el
i=1
Let j and I, 1 < j,1 < n, be such that j # [ and py; # 1. Here we use the notation from (2.1)

for the terms of the sequences Py, ..., P,. Then we have the chain of equalities

n

n
* * Yk ) Yk * Pki * Pki .
Vk-i—LIVk:-i-l,j <I - Z Vklvkl) Vk+1,]Vk+1,l = Vk—i—Lle‘-i-l,j <I — Z Vk—i—l,i(Vk'f‘lJ) k )Vk‘-i-l,jvk‘-i-l,l
i=1 i=1

_ * * Pkj * Pl )
= Vi (= Vi Vit (Vi )P Vi) Vi

Pri—1 1
= Vi (I = Viyt; (Ve )P ™) Vi

_ * Prj—1 v rx pri—1 _
=1 =V, Vi, Vi )P Vg =1

Therefore, the identity operator I belongs to J, and the ideal J coincides with the whole C*-alge-
bra C}(S). We have obtained a contradiction. Hence, equality (2.12) holds for any k € N.
Next, applying Theorem 1 and Lemma 3, we obtain the equality

—+00

J=unm).

k=1
This means that J = {0}. The theorem is proved. O
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