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pressure. A system of non-linear equations of motion is set up for the case of arbitrary displacements and
deformations in which the true deformation of the transverse compression of the shell, corresponding to
the use of the modified Kirchhoff-Love model proposed earlier, and the coordinates of the points of the
middle surface with respect to a fixed Cartesian system of coordinates, are taken as the required unknown
functions. Physical relations connecting the components of the true internal stresses with the elongation
factors and the extent of the shear strain are constructed using relations proposed earlier by Chernykh.
A finite-difference method is developed for solving the initial-boundary value problem and, on the basis
of this, the dynamic process of the inflation of shells of revolution at different rates of pressure increase
is investigated and the unstable stages of their deformation are established with a determination of the
corresponding limiting (critical) pressure value. After this value has been reached, a further increase in
the deformations occurs at decreasing values of the internal pressure.
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Products that are thin-walled shells made of highly elastic materials (a synthetic elastomer, latex film or natural rubber) and subjected
to considerable deformations (a relative elongation of up to 1000%) during use are widely and diversely applied: catheters used in medicine,
car air bags, air balloons, etc. As a rule, calculations of the strength of such constructional components must be based on the use of the
relations of the non-linear mechanics of deformable solids and thin shells for finite displacements and deformations. There is an extensive
literature 1-12 dealing with the construction of one version or another of these relations. Examples of their application in solving certain
problems in the mechanics of elastomers have been presented, in particular, in a monograph.? The physical relations constructed in it,
relating the components of the true stresses to the components of the true strains in the form of elongation factors have been used '!
to formulate and solve problem of the inflation and static stability of a cylindrical shell with closed ends made of rubber and under the
action of an internal pressure. A characteristic feature of this problem is the separation of the process of loading the shell into two stages:
in the first stage, an increase in the diameter and length of the shell only occurs when the pressure increases and, in the second stage, a
further increase in the above dimensions of the shell and a decrease in its thickness occurs by pumping air into the shell with decreasing
pressure. The mechanical explanation of this process involves the onset of the static instability of the rubber shell under conditions of
biaxial asymmetric stretching, similar to the formation of a neck in cylindrical samples made of elastoplastic materials when they are
stretched '° in an axial direction under a static load.

The purpose of this paper is to study the loading of thin elastomer shells with an internal pressure described above within the limits
of a dynamic formulation of the problem, that extends the results of the investigations carried out earlier.*7-1011 It follows, starting out
from an analysis of the results obtained earlier,!! that taking account of the deformation of the compression of the shell in the transverse
direction, the finiteness of the components of the true deformations, the introduction of the true stresses according to Novoshilov ! and
the use of constitutive relations linking the true stresses and true strains with one another is of fundamental importance in its formulation.
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1. The equations of motion of a momentless shell

We assume that, at the instant t=ty, the space Vy of the undeformed shell is referred to a system of curvilinear coordinates o, a2, z
which is normally associated with the middle surface o that has the principal basis vectors r? = 0r%/0a! and components of the principal

metric tensor G? = rJQrJQ. In the system of coordinates adopted, the radius vector of an arbitrary point Mg € Vg is defined by the equality
(henceforth Latin indices have the values 1,2 and Greek indices have the values 1, 2, 3)

R/, 2) =r’@')+ze), —hf2<z<h/2 (1.1)

where r® =r9(a!) is the radius vector of a point on the surface o, h is the initial thickness of the shell, and eg is the vector of the unit normal

to the surface g that constitute a right handed trihedron with the unit vectors e =9/, /G?.
When the shell is dynamically deformed, we shall define the radius vector of the above-mentioned point My € Vj, that has passed at the
instant t to the point M(a, z) € V, according to the modified Kirchhoff-Love theory,!! by the representation

R=R"+U=r+z(1+9g)es, U=u+z(l+0)e;—ej] (1.2)

where u = u®eY is the vector of the displacements of the points of the middle surface o, ¢(a) is a transverse deformation function that
is introduced into the treatment in terms of which the elongation factor A3 and the true strain &3 in the transverse direction z are defined
using the formulae !

AM=l+¢, &=¢ (1.3)

and ey, are unit vectors in the deformed surface o with a radius vector r, to determine which we have the formulae

e =1/A, A =G e3=e xe;GGn/JVG
G= Gl 1022 - 01225 G; =rr; I = al'/a(li (1.4)

i =it

Note that the vectors e; and e, are directed along the tangents to the coordinate lines o in the deformed state and e; is directed along
the normal to the surface o The covariant components of the strain tensor

g;=(G;—Gp) /2 (1.5)

that serve for the calculating of the elongation factors A; and A, in the direction of the unit vectors e; and e, and the shear measure
sin yq2 >'! in accordance with the expressions (@13 is the angle between the basis vectors r? and rg in the undeformed state)

: 2g(13 €
A =1+g = [1+2, siny,= ﬁ, E@) = ﬁ
142 P12 \'GiiGj_'f (1.6)
where ¢; is the relative elongation and & is the dimensionless value of the covariant components of the strain tensor, are determined by
the difference between the components of the metric tensors G; and Gg..
Assuming that it is a thin momentless shell, in the sections o = const and z= const of the deformed shell which, at the instant t, has a
thickness '
he =h(1+&3)=h(1+0@)=hhry

we introduce the vectors of the true stress oi and o3 into the treatment, defining them by the representations

iy 3 n
O =0 ej, G =0 €3 (1'7)

in which the quantities o/ and o3 are physical components.
Integrating expression (1.7) over the thickness of the shell h-, we obtain

T =T%;, T =T"% (1.8)
where
TV = iyo?, T = ye™ (1.9)

We will now assume that surface forces p~ and p*, applied to points of the faces z= — h-/2 and z=h-/2, as well as a mass force Q act on
an infinitesimal element of thickness h+ separated from the shell and on the surface o, that is, an infinitesimal area do = v/Gda!da2. We
will assume that they are defined in the form

p = pezdc = /)03\/5(1'(1111012, Q =ghypdF = gh*ps/ada'daz (1.10)

where p=p~ +p* is the excess pressure acting on the shell divided by the unit of area da, p is the density of the shell material that we shall
subsequently consider as invariable when treating shells made of an incompressible elastomer, and g is the gravitational acceleration.

In the approximation of momentless theory, the transverse internal stress formed in the shell T33 and the projection of the principal
moment of the external forces in the direction of the normal e3 that, in the case considered, is equal to

M =" = phs
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must, according to the results obtained earlier,!! satisfy an equilibrium equation of the form

33 + -
777 =—(p* = p )hy (1.11)

By virtue of the fact that the estimates
'>062 2»c6% o'>6® 2> B~ p -p")

12 522

hold for the true stresses o!1, 612, 022, ¢33 introduced into the treatment, equality (1.1) can be replaced by the equality T33 ~0 which
enables us to assume that the formed stress-strain state (SSS) of the shell is a plane stressed state. Applying this to the infinitesimal elements
separated from the shell, all the above-mentioned internal and external stresses as well as the inertial forces can constitute, starting out
from the d’Alembert principle in vector form, an equation of motion of the following form:

2
phlG 5 = O (TVe, + T, WG) + =25 (1%, + T'e)JGy) + (b + phug) VG
> oo B (1.12)

in which, unlike in the equations obtained earlier,!! the vector function r and the components of the true internal stresses TV are unknowns.
From here on, instead of the three unknown displacement functions u¥(a!, a2, t), we introduce new unknowns into the treatment,
taking the representation

3
1 2 . . 1 .2
r=re,a’,) = xi, =xi, x =x/(a,a’f)
=1 ( 1 13)
forr, where x (y=1, 2, 3) are new unknowns that are the coordinates of an arbitrary point on o with respect to a fixed orthogonal Cartesian

system of coordinates Ox;x,x3 with unit vectors iy. To determine the principle basis vectors r; and the components of the metric tensor
G we shall use the relations

rj = or/oa’ = Fighy iy = axy/a(x’, Gjm =TTy = Fjitmk (1.14)

In this case,
e; =1;/G; = liiy, e3=e;xe GG /NG (1.15)

where l5, = cos (eg, iy) are direction cosines defined by the expressions

liy = "j,v/\/G—jj

I3y = (halys — 3l WGy Gy [NG
I3 = (h3lay = s GGy [NG

I3 = (1l = bl WG G /NG (1.16)

In constructing the scalar equations of motion in a Cartesian system of coordinates for the vector g, we will assume that the representation
g =gi3 holds. Then, by projecting Eq. (1.12) onto the Cartesian axes and taking account of relation (1.16), we obtain the three equations of
motion

2
X.
ph*JG—éat; - %«T' 'y + T L,G)
(04

+12. ((T2212Y + Tzllly)‘/al_]-) + p3l3y‘/5(1 bl 83yph*g)
o (1.17)

where 831 =832 =0, 833 =1,A=1,2,3.

For the closure of the system of equation obtained, consisting of the equations of motion (1.17), the geometric and kinematic relations
(1.14) and (1.16), formulae (1.8) and the equality T33 ~ 0, it is necessary to construct physical relations interconnecting the stresses ¥ and
033 with the deformation parameters in the form of the elongation factors \;=1+g;, A\3=1+¢&3=1+¢ and the shear measure sin y;,. By
virtue of the fact that

he =h(1+9), JG;=4 = ,4[.0(1 +g) = A%

where A? = | /GY, the stresses o'/ in the resulting equations, which are true stresses, contain the factors A3\, and the stresses 0% contain
the factors A3\. Hence, in view of the results obtained earlier *!! for the version of system on equations (1.17) considered, the physical
relations must have the following structure:

i

ij . 33
G =0 (813823833S1nylz), (o)

33
=0"" (&1,€,€3) (1.18)
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2. Thin elastomer shells of revolution under the action of an internal pressure

When h=h(a!), these shells can only be in an axisymmetric stress-strain state if the force of gravity ph.g+/G is not taken into account
in the last equation of motion (1.17) (y=3). With respect to their mechanical behaviour, they are close to the soft fabric shells,”~7 that
have been studied in detail in parachute construction  and in structural pneumatic and marine constructions 314 that, in an “operational”
state, can be under conditions of bilateral tension. With the appearance of stresses ¢!2, when o!! >0, 622 >0 or under conditions when
o!1>0for 022 <0and 622 >0 for ¢! <0, local zones of wrinkling of the shell appear in them and, in this case, the shell changes into a state
of uniaxial loading.

We shall henceforth assume that a stress-strain state is formed in the shells considered, which satisfies the conditions and estimates

c2~0, ¢''>0 6250 o' 2> 2.1)

By virtue of conditions and estimates (2.1), instead of (1.18) we shall use the physical relations

33 2033 (8],82,83), 8, 288,/61

ii ii .o
G =0 (81382»83’8I382)9 G
introducing terms into them that take account of internal friction in the shell material in order to describe rapid deformation processes
with considerable rates of strain &;. In the case of rubber-like compressible materials, these relations can be constructed starting from
Chernykh’s results > and the Kelvin-Voigt model that, by virtue of the adopted assumption o33 ~ 0, can be represented in the form

o = p(1+B)A; —(1-B)A; ')+ g +né;
(1 +B) A3 —(1-B)A3' 1+g =0 (2.2)

where q is the hydrostatic pressure, | and [3 are characteristics of the material that, for one of the rubbers (IRP-2052), are equal to j. =8.75
and B=1.43 3 and the characteristic . corresponds in a physical sense to a modulus of elasticity of the first kind E and 7 is a parameter
characterizing the internal viscous friction and has the sense of a complex modulus of elasticity.!® It should be noted that, in rapidly
occurring dynamic processes, by taking account of internal friction in relations (2.2), we can damp the velocities of the stress waves in the
a! and o2 directions and ensure the stability of the numerical algorithms for solving the problems considered below.

After eliminating the unknown function q from relations (2.2), physical relations of the following form

T = hufpl(1+ B) by = AT'A) + (1= B) A hy =27 D]+ s} (2.3)

are established in accordance with known results > and formulae (1.9).
When rcl’rg = 0 (orthogonal curvilinear coordinates) and account is taken of the stresses o2, relations (2.3) can be supplemented with
the relation

T? =7 =p, (Knh+ﬂy¢|2)
AMA, (2.4)

in which my is the internal viscous friction shear strain parameter, G, is calculated using formula (1.14) and K2 =K12(G12) is the tan-
gential shear modulus of the shell material, and its dependence on the shear strain measure Gy, (or >!! sin 1) can only be established
experimentally.

In solving specific problems on the inflation of a shell of revolution, as it is blown up we approximate the excess pressure p acting at
points of the face z= — h«/2 with the relation

p(H) = p(n( —v'¥")? sgn(l - v'V") (2.5)

that is widely used in the theory of soft shells when studying parachute dynamics.” In this relation, the law for the distribution of the excess
pressure p(t) with respect to the spatial coordinates a! and a? is assumed to be homogeneous and given. Terms are also introduced in it
that take account of the pressure change from the oscillations of the shell itself: when an element of the shell moves against the internal
pressure acting on this element the pressure drop increases and, when it moves in the opposite direction, it decreases, that is, there is a
damping of the bulging by the oscillation of the shell itself. With the aim of taking account of this dynamic process, the term v"V" has been
introduced into relation (2.5) and, in this term, v" is the aerodynamic damping factor of a medium when a shell moves in it with a velocity
V" = dus/dt in the direction of the normal e3 to the surface . The component u3 of the displacement vector is calculated using the formula
us =ues.
We shall henceforth assume than, when t = tg, the initial shape of the shell oy is described by the equation

12 2
r(a:a5t0) = rO(a'aa')

in which «! is a curvilinear coordinate along the generatrix of the shell that varies within the limits lo <a! <I; and the circumferential
coordinate o2, that is, the polar angle that varies within the limits 0 < o < 2. We also assume that the elements of the shell are stationary
at the initial instant:

dr(e', 0%, 7)

=Y, a',az =0
i o )

1=ty
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X3 t=0

Fig. 1.

We shall assume that the boundary conditions are given for the equations of motion that have been constructed, representing the
equation of the surface o, when a! =lj and t > tg, in the form

r(/y, az, fH = r(,(OLl =/, az)
The inlet aperture of the shell (Fig. 1) is assumed to be fixed and the remaining parts of the shell are displaced in space.
3. A difference scheme for solving the problem
Consider an element (i, j) of the difference mesh covering the deformed surface and let us assume that its mass is concentrated at the

mesh point (i, j).
We shall calculate the stretching factors in the directions of ! and o at each instant using the formulae

3 172
i+1/2,j -1 2
MH ! =hy Z(xiyﬂ,j —xiy,j)
J=1
3 12
ij+1/2 -1 2
)hlzﬁ/ =h Z("Zjﬂ —ij)
Jj=1
M+I/2,j+l/2 _ (M+l/2,j+1 +M‘+l/2,j) /2
k;+1/2,j+1/2 _ (}Li2+l,j+l/2 +)\£,j+l/2)/2 3.1)

where hq =hq(i, j)(hy = hy(i, j)) is the distance between the mesh points (i+1/2,j)((i,j+1/2)) and (i,j).
The relations

Y

{1 }'i _ X =% { }‘j _ X Xy

Wij = i+1/2,j ° ST i,j+1/2
M s (32)

are used to calculate the direction cosines of the principle basis vectors.
We match their difference analogues to the equations of motion (1.17) that allow of the representation with respect to the velocity
vector components in a certain generalized form (A and B are certain constants)

oV/ot—A0T/0s = B (33)

For example, when2 <i<n; —1,2<j<ny -1,
/2 =172, At milly i+l/2 i 1y i-1/2 i
Vi =" +J[Z[{r Ao} if2 {[ly}jil/Z —{T" M) aip {lly}jﬂ/z
N\t

i jt1/2 i+ j+1/2
T (o, ~ T M {5,V ()

i j+1/2 - 172
+ YU (g} iey MR (g
+
2y (itl/2 i+1/2 2 itl/2 i1/2 At
+{T 7»1}11':[//2 {Ily}ljﬂ/ﬂ -{T )"l}jjill//Z {117}']_1//2]/ (2hy) + phy(1 —63)')] +P;—F);
by (3.4)
Here, by way of illustration,

i !
{ly} an = [x}i1j-1/2 = X7 jo1 2l M Nis1 2, o1 2]



168 P.Sh. Gimadiyev et al. / Journal of Applied Mathematics and Mechanics 78 (2014) 163-171

and F:’j is the sum of the projections of the area of the eight triangles adjacent to the mesh point (i,j) in the plane x¥ =0(y=1, 2, 3). Thus,
for the first triangle we have

1 2,3 3 2 3 3
Fi,j = [xi,j(xi+ 12, —Xi+1/2,j+ 1/2) + X4 ]/2,j(xi+ 1/2,j+1/2 —-X; ;)

2 3 3
+ X112 =X 1,)1/2 (3.5)
The projection of the area onto the other planes x2 =0 and x3 =0 are determined in a similar way. In this case, the indices 1, 2, 3 change

as a cyclic permutation.
The integration step is chosen in accordance with the Courant-Friedrichs-Lewy criterion

At < oy min(hy, hy)/c (3.6)
where o, is the Courant coefficient and c is the speed of propagation of small perturbations in the material (the speed of sound).
3.1. Estimation of the error in approximating of the derivatives
In Eq. (3.3), consider the derivative dT/ds with respect to the half-integer mesh

Si+l/2=(i+1/2)h, i=0, 1, 2»---’M—1

at a fixed time t,(n=0, 1, 2, .. .). For this derivative, by expanding the values of the function T at the half-integral points in Taylor series, in
the neighbourhood of an integral point one can write ¢

1 (si+l/27tn) 1 (si—l/Za’n) 01 h2 637 4
=Z=(8;,ty) + === (s5,1,) + O(h
h as (sl I) 2 I as3 ( ] II) ( )

whence it follows that the central difference with respect to the Lagrangian coordinate on the half-integral mesh approximates the
derivative dT/ds with second order of accuracy.

The derivatives 0V/dt are calculated in a similar way and the values of At and As are connected by linear relation (3.6), At=cyh, where
c1 =y /c. Consequently, the central difference with respect to the half-integral mesh approximate the partial derivatives 0T/0s, dV/dt in Eq.
(3.3) with second order of accuracy.

We shall satisfy the boundary conditions for the shell on an expanded mesh, the dimensions of which are determined by the numbers
1, ny and 1, ny. In this case, the indices i and j will vary within the limits 1 <i<nq, 1 <j <n,. The required coordinates of the mesh points
of the shell in the time layers are determined using the formulae

b = N+ AT,y =123

\J \J 3.7)

Hence, an explicit finite difference scheme is used as the basis for constructing the numerical solution of the problem. As a result, when
constructing the solution of the system of equations that has been compiled, the discrete domain

S”'_ :”fhi’ n; = 1,2,3,..., SI/AS,, t” = nAt , nh= 0,',2,..., 1/A[—]

is introduced into the treatment. Here, we determine the values of the required functions at each integration step in terms of the their
already known values at the preceding step in the framework of a single continuous computational algorithm.

e . . . . . -1/2
At the initial instant when n=0 (that is, when t=— At/2), in equations of the form (3.4), it is necessary to specify {VV}”/ on the

expanded mesh for the start of the calculation. Thereafter, for a time t> 0, these velocities are recalculated on the expanded mesh at each
step.

The choice of the coefficients m and my (formulae (2.3) and (2.4)), that take account of the internal friction in the material on the
dynamics of the shell, the integration step size At and the computational mesh steps h; and h, associated with relation (3.6), is obtained
from a numerical experiment.

Note that the algorithm described also enables one to study static problems of the mechanics of elastomeric shells by the establishment
method.

4. The equations of motion in dimensionless form

To represent Eq. (1.12) in dimensionless form, the following are given: the characteristic size L (m), that is, the length of the generatrix
of the shell, the pressure drop and the density of air pg (kg/m3), by using which the characteristic velocity Vo (m/s) is determined, and
the characteristic force Tg = vagLZ[H] and the characteristic mass Ms =2mrL, are introduced into the treatment, where r is the maximum
radius of the shell in the initial state, p is the density of the shell material and the Newton parameter Ay = pgL3/M;. The dimensional value
of the acceleration a=02r/dt? is expressed in terms of the dimensionless parameter a in accordance with the relation a = 5V§/L, and the
substitution t=TL/Vj is also made, where T is the dimensionless time and

Ty=TyTy/L, p=pTs/l2, g=&Vi/L, n=aT’W,, p=pM.[1?

The equation of motion of the element of the shell (1.12) is reduced to dimensionless form by substituting the assumed relations.
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Fig. 2.

5. Examples of the calculations

The non-axisymmetric (because the motion of the shell is constrained by a plane) and the axisymmetric loading of a shell of revolution
made of an elastomer (IRP-2052 rubber 3) were considered as examples. This shell has the following initial dimensions (Fig. 1): maximum
diameter 2r=0.0292 m, diameter of the inlet section 2ry=0.0146 m, initial length of the generatrix of the shell L=0.12 m, and initial
thickness of the shell material h=0.25 x 104 m. The physical relations were taken in the form (2.3) and the coefficient of internal friction
in the material n=7.5 x 10 Ns/m.

An irregular mesh with 32 x 32 cells along the generatrix of the shell and the circumference respectively was used in the calculations.
The calculated value of the pressure drop p=1570N/m?2, the density of air pg=0.125 kg/m?, the corresponding characteristic velocity was
Vo =80 m/s and the mass per unit area of the shell in the undeformed state py =0.005 kg/m?2. The problem was solved in dimensionless
form as described in Section 4.

Results of the calculations. The initial shape of the shell is shown in a Cartesian system of coordinates in Fig. 1. The case of the non-
axisymmetric deformation of the shell by constraining the motion of the shell with the plane x3 =- r during its filling (the left-hand part of
Fig. 2) was considered in order to try out the algorithm. The introduction of this plane into the treatment corresponds to the case when, as
the elements of the shell reach this plane, they “adhere” to it. Calculations show that the effect of the weight of the shell on its deformed
state is negligibly small for the chosen loading conditions. The filling of the shell when there was no bounding plane x3 =-r was therefore
investigated with axisymmetric loading. The degrees of reduction in the thickness for non-axisymmetric loading of the shell, the shape of
which is shown on the left in Fig. 2, are shown on the right in Fig. 2: For clarity in unrolling the shell, the zones of the balloon vertex and
the inlet section have been enlarged to a rectangle.

It was established that the intensity of the loading has a considerable effect on the filling of the shell. The results of calculations showing
the changes in the magnitude of the pressure P and the rates of change of the pressure with respect to the volume dP/dV are presented
in Fig. 3 for two different rates of increase in the pressure during the filling process (the solid and dashed lines). In both calculations the
pressure increase is defined by a piecewise-linear law. The calculations show that the volume barely changes at the beginning of the filling.
Here, the rate of the increase in the pressure with respect to the volume dP/dV is very large but it has a tendency to fall. In the case of a
high rate of inflation (the solid curves), the plot of the derivative dP/dV has an inflection at T~ 0.3, after which dP/dV continues to decrease.
When 7~ 1, the increase in the volume is so large (although the pressure also continues to grow) that the shell is filled at a high rate and
transfers to a critical filling state. In the case of a lower rate of inflation (the dashed lines), the duration of the filling process, up to when the
thickness of the shell wall is reduced by 0.05, increases and the function dP/dV has two local maxima (at T~ 0.55 and ~1.25). The increase
in the value of dP/dV up to the first maximum is associated with the fact that, when the pressure intensity is reduced, the main motion of
the shell occurs along the x; axis (Fig. 1) and, at the same time, the volume of the shell barely changes. However, when 7> 0.55, there is an
intense increase in the volume of the shell. The second local maximum (when T~ 1.25) is less distinct.

0.4 4
P ap
/\ dv
I
\ -
| | /
02 Loy —<2
! 17
/) -
7 \ -~
\ -~
\,r"\
-~
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/// \\\\
- ~k~ _ 0
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Fig. 3.
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Fig. 4.

Hence, it follows from an analysis of the graphs presented in Fig. 3 that, when the rate of growth of the pressure (the angle of inclination
of the graph of the relation between the pressure differential and time) decreases, the value of the critical pressure in the dynamic problem
is reduced and the duration of the filling of the shell up to the specified degree of the narrowing down of its thickness of 0.05 increases.

We will now consider the critical loading state of the shell. The law for the change in the pressure differential used in calculations of
the filling of the shell is shown in Fig. 4. In the pressure differential graph, the value corresponding to the horizontal shelf was chosen on
the basis of numerical experiments in such a way that, below this shelf, filling occurs up to the form of an equilibrium state and, in the
case of a pressure increase that is level with or above this shelf, there is unstable “critical” filling. Analysis of the graph for the calculated
change in the maximum radius of the shell R ,x with time shows that, close to the time value T~ 2, although a reduction in the pressure
differential is specified, the inflation of the shell continues intensively since the force of the pressure acting on an element of the shell is
defined as the product of the pressure and the area of the deformed element and this area increases faster than the pressure differential
falls which is assisted by the increasing radius of curvature of the shell.

Results of a calculation of the shape of the shell at the instants of inflation T=1.81 (which corresponds to the shelf in the graph of the
pressure in Fig. 4) and 7=2.18 (which corresponds to a degree of reduction in the wall thickness A3 =0.05 at which the calculation was
completed) are shown in Fig. 5. At the instant T=2.18, the shell is close in shape to an ellipsoid of revolution, its length is 1.58 and its

T=1.81

X3

Fig. 5.
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diameter 1.09 (the maximum diameter is slightly displaced towards the vertex of the shell and corresponds to the Lagrangian coordinate
0.59). The initial volume of the balloon was 0.233 units and, at the instant T=2.18, it was 6.66 units. A diagram showing the change in
the degree of narrowing of the wall of the shell along the generatrix at the instant T=2.18 is presented in the lower right-hand part of
Fig. 5. Here, as in Fig. 3, for clarity in the unrolling of the shell, the zones of the balloon vertex and the inlet section have been enlarged to
arectangle. By this time, the degree of narrowing of the wall in the middle section of the shell reaches a value A3 =1/(A1A;)=0.05.

At points on the generatrix of the shell, located at different distances starting from the inlet section, the degree of narrowing of the wall
of the shell A3 was:

0.959, 0.607, 0.391, 0.168, 0.060, 0.060, 0.215, 0.496, 0.864.

6. Conclusion

The results of the computational experiments show that the critical value of the internal pressure at which instability of the filling
process begins (that is, intense inflation of the shell as the internal pressure decreases), depends on the rate of filling of the shell: the
greater this rate, the greater the critical value of the pressure turns out to be, which is also observed when blowing up rubber balloons.
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